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Abstract of “Effective Approximations of Stochastic Partial Differential

Equations based on Wiener Chaos expansions and the Malliavin Calculus”

by Chia Ying Lee, Ph.D., Brown University, May 2011

This thesis studies the application of the Wiener chaos expansion in the analysis of
stochastic partial differential equations (SPDEs). Specifically, linear parabolic SPDEs and
the quantized stochastic Navier-Stokes equations are considered, under the framework of the
Malliavin calculus. Especially for these highly singular SPDEs, the Wiener chaos expansion
is a useful tool for our study of the basic questions of solvability, regularity and dynamical
behaviour, and it enables us to study approximations of the solutions of SPDEs and to
quantify the errors of approximation. For the quantized stochastic Navier-Stokes equations,
we use the Malliavin calculus to formulate a random perturbation of the Navier-Stokes
equations that is unbiased, and we will show the existence and uniqueness of steady and
time-dependent solutions, as well as the convergence to steady solution, in a stochastic
weighted space. We also study a stochastic finite element method for numerical simulation
of the solution of linear parabolic SPDEs and derive error estimates for the numerical
solution. Finally, we show how one basis of the Wiener chaos expansion can be more
efficient than another for approximating the energy of the solution, so that computational

efficiency can be increased when applied to some physical applications.



CHAPTER 1

Introduction

In this thesis, we present analyses and numerical analyses of stochastic partial differential
equations using the Malliavin calculus and Wiener chaos expansions, for two classes of
SPDEs, linear parabolic SPDEs and the quantized stochastic Navier-Stokes equation.

The motivation for choosing the Wiener chaos expansion and Malliavin calculus as a
tool of analysis comes in large part from the type of SPDE considered. Since the discovery
of the It6 integral spurred the development of stochastic analysis and the It6 calculus, the
study of stochastic models in a myriad of physical, biological and economic applications has
caught the wave of It6 calculus. However, many SPDE arising in physical and mathematical
models, such as those in Uncertainty Quantification, reveal several obvious limitations of
the It6 calculus, not least the fact that it requires a notion of adaptedness. Uncertainty
Quantification frequently deals with models of phenomena for which coefficients or param-
eters are not known to full certainty. Rather than neglecting the uncertainty in the model
parameters, one can turn to stochastic models as a way to incorporate the uncertainty into
the equations. In the simplest case, the uncertainty in a parameter may take the form
of being a single random variable of a known distribution—a uniform distribution being
a common choice. More complex real world examples of stochastic modelling include the
stochastic pressure equations or models of flow in heterogeneous porous media, where the
permeability of the medium is difficult to measure at all locations, and is instead modelled
as a random field. This is a case of a noncausal system without a natural notion of a
filtration, and it would be unwise to confine it into the It6 calculus framework.

We are thus prompted to appeal to a more general stochastic calculus in order to
formulate models outside of the It6 calculus framework. This is where the Malliavin calculus
comes into the picture. In fact, the Malliavin calculus is not such a far flung idea, because it
is an extension of the It6 calculus. The Skorokhod integral, one of the important constructs
of the Malliavin calculus, extends the It integral to non-adapted integrands, and coincides

with the [t6 integral for adapted integrands. For this reason, a modeler, when considering
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to introduce stochasticity into a model, may find the Skorokhod integral a viable modelling
choice.

Further reasons to work in a more general framework come from the need for more
general solution concepts. A desired model for a random perturbation can, and often
does, lead to an immediate difficulty of non-square integrable solutions. Early works, such
as Walsh’s [64], had already shown that certain equations commonly encountered do not
possess solutions with finite variance. The models with uncertain coefficients, involving
multiplicative noise that acts on the highest order partial differential operator, are prime
examples of equations without square integrable solutions. Lacking a “usual” solution, we
are forced to broaden our notion of a solution to include solutions with infinite variance in a
larger space of random elements. These spaces are the so-called weighted stochastic spaces,
which include the Hida spaces and Kondratiev spaces among others, and whose elements
are characterized by their Wiener chaos expansion.

The Wiener chaos expansion is a classical orthogonal expansion theory for random func-
tions that was first introduced by Cameron and Martin [9]. It representations a square inte-
grable random element in an orthogonal expansion of the stochastic variable with respect to
a basis derived from the Hermite polynomials. In our case of non-square integrable solutions
or random elements, the Wiener chaos expansion is especially pertinent for representing the
random elements.

The application of the Wiener chaos expansion here is two-fold: to analyze solutions
of SPDE through approximate solutions derived from the Wiener chaos expansion; and to
quantify the efficiency of approximations of the solutions.

The major theme underlying all the analysis in this thesis is the transformation of the
single SPDE, via the Wiener chaos expansion, into the related propagator system of PDE.
The utility of this transformation is no different from that of the Fourier transformation—
the solution is understood as a collection of its expansion coefficients, and the analysis of
the SPDE is achieved through the analysis of the propagator system of equations. As noted
above, the Wiener chaos expansion is also key to obtaining finite approximations of solutions
of SPDEs. The finite approximations, here specifically Galerkin approximations, render the
analysis of the SPDE more tractable to analysis. In analogy to deterministic theory, creating

approximate solutions is the first step in formulating energy estimates which are then used



to deduce the existence of a solution. In fact, because the conversion to the propagator
system separates out the stochastic variable and leaves behind a deterministic system of
equations, a large part of the stochastic analysis is founded on deterministic theory. Thus,
the strength of the stochastic results depend on the strength of deterministic PDE theory.

Through the use of the Wiener chaos expansion, the difficulty in the stochastic analysis
is greatly reduced to understanding results from deterministic theory. Seen in a different
light, the stochastic theory is in fact a generalization of the deterministic theory to the sto-
chastic setting. One supporting argument for this is that the Malliavin calculus, historically
developed to build a stochastic theory based on the integration by parts formula, accords
us with an arsenal of conceptual tools familiar from deterministic theory—an integration
by parts formula, adjoint operators and the possibility of defining weak or variational so-
lutions by action on test functions. To give an example of such stochastic analogues, we
will subsequently encounter the use two of the main constructs of the Malliavin calculus,
the Malliavin derivative and the Malliavin divergence operator, which are adjoints of each
other under the Gaussian measure. The latter is, in fact, a stochastic convolution and is
equivalent to the Skorokhod integral. Related to the Malliavin divergence operator is the
Wick product (see e.g. [27,31,35,42]). The Wick product is generally considered a suitable
replacement of the usual product, especially when the product is between two generalized
random elements for which the usual product is not well defined. Interestingly, although the
Wick product was introduced independently in the seemingly unrelated field of quantum
field theory, it turns out that the Wick product and the Malliavin divergence operator are
closely related [46]. Both are stochastic convolutions between two random elements, and
moreover, the two concepts coincide in some cases, so that it is possible in these cases to
formulate stochastic equations using one or the other framework. Thus, we will see the use
of both the Malliavin divergence operator and the Wick product.

The thesis is organized as follows. Chapter 2 introduces the mathematical framework
of the Wiener chaos expansion, Malliavin calculus and Wick product. With these tools, we
then present a basic technique of applying the propagator system to deduce the solvability
of a stochastic parabolic equation under the Malliavin calculus approach. In Chapter 3, we
discuss a numerical algorithm based on the finite element method for solving the stochastic

parabolic equation, and quantify the error incurred by the numerical solutions by deriving



a priori error estimates. We will consider a newly proposed, unbiased, random perturbation
of the deterministic Navier-Stokes equations, called the quantized stochastic Navier-Stokes
equation, in Chapter 4. We will analyze the solvability of the stationary equations, as well
as the long time convergence of a time dependent solution to the steady solution. As an
application of the Wiener chaos expansion, we will study in Chapter 5 how certain physical
models of incoherent forcing sources can exploit a simple change of Wiener chaos expansion
basis to drastically reduce computational cost. As the latter three topics are considerably
distinct in their nature, we will leave further introduction to each topic to the start of their

respective chapters.



CHAPTER 2

The Wiener Chaos Expansion and the Malliavin Calculus

Framework

In this chapter, we present the tools and techniques which form the framework for
the analysis of solutions of SPDEs, as studied in this thesis. We will first discuss the
general construction of Gaussian noise, which is the main source of stochasticity in the
random perturbations of stochastic equations. This will lead to the definition of the Wiener
chaos expansion and the weighted stochastic spaces. The weighted stochastic spaces are
introduced as spaces that our solutions live in, and the Wiener chaos expansion is the way
our solutions are represented. We then define the main operators in Malliavin calculus and
the Wick product, to be used as the stochastic models for the actual incorporation of the
stochasticity into an equation. Finally, with the Wiener chaos expansion and the Malliavin
calculus approach, we elucidate a technique for analyzing the solvability of a parabolic

SPDE by considering the equivalent propagator system for the chaos modes of the solution.

1. Gaussian white noise and the Wiener Chaos expansion

Let £ = {&, }x>1 be a collection of i.i.d. N(0,1) random variables on a probability space
(Q, F,P), where F is the o-algebra generated by {{x}. Let U be a real separable Hilbert

space with complete orthonormal basis {uj}r>1.

DEFINITION 1.1. The Gaussian white noise on U is the formal series
[ee]
(2.1) W= &
k=1
Note that the white noise is not an element of Ly(§2;U), because

. o0
EIWIE =) llwllz = oo
k=1

We list some special examples of Gaussian noise commonly encountered:
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. For the standard 1-dimensional white noise W (t), we take U = L*(0,T). The basis {uy}
may, for example, be taken to be the cosine basis in U, but this is not a unique choice
of basis. If t represents time, then W (¢) may be understood as the formal derivative of
a 1-dimensional Brownian motion W (t).

. For stationary or spatial Gaussian white noise on a domain D C R?, we take U = L?(D).

Then the definition yields that W(x) is spatially uncorrelated; that is, for z,y € D,

where 0, is the Dirac delta function at x. Indeed, for smooth ¢,

EW @)W )] 0) = (D @), Y san()) = 3 du() = é(x)
k=1 k=1 k=1

.U = Ly(0,T;H) for some separable Hilbert space H, then the cylindrical Wiener

process with values in H is

(2.2) W) =S wWi(),
k=1

where Wy (t),k = 1,2,..., are independent standard Wiener processes. If H = La(D),
the formal derivative W(t, x) is called space-time white noise.
. Correlated (or weighted) Gaussian noise Wo(z) with covariance operator Q*. Let Q be

an operator on U defined by
Quk:okuk, fork:1,2,....

where {0y, kK > 1} are non-negative real numbers. The Gaussian noise with covariance

operator Q? is defined by
(2.3) Wolx) ==Y opugés.
k=1

If Q? is nuclear or trace class, i.e., ppay 02 < 00, then it is defined by the covariance

function

g(x,y) = E[Wo(2)Wo(y)] = > ofur(z)u(y)
k=1



as the operator Q*f(z) = [, q(z,y)f(y)dy, for f € L?*(D). The expansion (2.3) is the
Karhunen—Loéve expansion for WQ.

5. Let Wl, W2 be two white noises on U7, Us respectively,
© . .
W= "¢, fori=1,2.
k=1

We may assume W; to be independent, or correlated in some way. We can define an
abstract white noise W to accommodate both noises W; into a single term, by defining

Ugg_1 = u,(:), Ugp = u;(f), and §op—1 = f;(:), Sor = 51(62)~ Then

W = Z £kuk.
k=1

The formulation of the abstract noise is useful for studying equations that are driven by
two or more distinct white noises, or equations whose input data (initial or boundary
conditions, or forcing terms) are measurable with respect to a different Gaussian noise

than the noise driving the equation.

In order to develop the Lo theory of F-measurable random elements and the Wiener
chaos expansions, we first introduce some housekeeping tools. Let J = {a = (a1, a9,...) :
o € No} be the set of multi-indices of finite length, |a| := >, ax < co. Denote dim(a) =
min{k : o, = 0 for k > k} and d(a) = Y 17 La,>0. We denote the zero multi-index by

(0) =(0,0,...), and the unit multi-index with 1 in the kth entry by e;. For o, 8 € J,

a+ B = (a1+ 1,02+ Ba,...), oz!::Hozk!
k>1

(oz-f—ﬁ) _ (a+p)! <|a|> e
« o oalpl a) o

For a sequence of nonnegative real numbers ¢ = (q1, g2, ... ), define ¢* = szl ar.
A multi-index « can be uniquely characterized by its characteristic set K. Let n = |¢],
and denote the ordered n-tuple K, = (k1,...,k,) where ky < ky < --- < ky,, with k; defined

as follows. Let k1 < -+ < Kg(q) be the indices of a for which ay,; # 0. Then

i—1 i
k; = r; if Za“j <l < Za,{j.
j=1 J=1

7



In words, the first oy, entries of K, are k; = --- =k = k1, followed by the next o,

Oy
entries of K being ko, 11 ="+ = ko, +a,, = K2, €tc.
The definitions of the multi-indices and their characteristic sets give rise to some useful

combinatorial results which will come in handy later. We state two of these results here.

LEMMA 1.2. (A multinomial sum in infinite dimensions) Let § = (p1,p2,...) with

pr >0, and let p = 2@1 pr- Then for any n € Ng,

rF_r
al  nl’
lal=n
PRrOOF. Fix n and |a| = n. We identify o with its characteristic set Ko = (ki, ..., kn).
Since there are n!/a! distinct permutations of {ki, ..., k,},
Z ﬁ B Z H?:l ij ] (’I”L‘/O(') . Z H;'lzl ij . 1
al al (n!/al) al (n!/al)

laj=n k1<--<kn k1ye.skn
where we have multiplied by 1 and rearranged the sum over non-decreasing indices into a
sum over all unordered indices. Finally, from the formula for the multinomial expansion

p* 1 - 1 "
azﬁ Z Hpkj:n!<zk:/?k>

lal=n D Kiyeskn j=1

LEMMA 1.3. Forall o, € T,

18l Ja = 81! _ Jal:
Bl (=B~ al’

PrOOF. Let Ky = (k1,...,k|q)) be the characteristic set of a. On the RHS, |3—!' is the

number of distinct permutations of K,. On the LHS, we partition K, into the two subsets

corresponding to Kg and K(,_g). Then, the number of distinct permutations of Kz times

that of K(,_g) cannot exceed the number of distinct permutations of K. ([l

1.1. The Wiener chaos expansion and weighted Wiener chaos spaces. The
Wiener chaos expansion is an orthogonal expansion for random elements that are measurable
with respect to the Gaussian white noise W. Due to the Gaussian assumption, the Wiener

chaos expansion is necessarily an expansion in the Hermite polynomials. Recall the Hermite
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polynomial H,(x) of degree n,

For each o € 7, define the random variables

ock gk
g e

k>1

THEOREM 1.4. (Cameron and Martin [9]) The collection = = {{y, a0 € T} is an or-

thonormal basis of La(Q2). Z is referred to as the Cameron-Martin basis.

Given a real separable Hilbert space X with norm |-|x, let Lo(2; X) be the Hilbert space
of square integrable F-measurable random elements with values in X. Then the Cameron-
Martin theorem provides that any square integrable random element ¢ € Lo(€2; X)) has the

Wiener Chaos expansion with respect to the Cameron-Martin basis,

(= laba

aceJ

where (, = E[(,], and Parseval’s identity holds,

1<l Lo@ix) = EICK = ) 16alk

acJ
We will frequently encounter random elements that are not square integrable, and thus
we describe a construction analogous to the construction of Sobolev scales. Define the test

function space
D={¢= Z Ca€a : Co € R and only finite number of {, are non-zero}.
(6%

DEFINITION 1.5. A generalized random element f with values in X is a formal series

(2.4) F=" faba,

acJ
where fo € X. f is identified with the sequence {fo,a € J}. The expansion (2.4) is also

called the Wiener chaos expansion of f.



The space D'(X) of generalized random elements in X is the dual space of D with

respect to La(Q2), with duality pairing

(£, = Cala

The space D’ is a very large space. Its elements have Wiener chaos expansions that may
exhibit severe blow-up. Next, we introduce the weighted Wiener Chaos spaces that quantify
the asymptotic behaviour of the Wiener chaos modes. Let R be a bounded linear operator
on Ly(Q) defined by RE, = 10 for every a € J, where the weights {r,,a € J} are
positive real numbers. Note that R is bounded if and only if the weights r, are uniformly

bounded from above, that is, r, < C for all a € 7, for some constant C. Define the norm

1 sy @xy = D falira

aeJ
for f =3 cs fola- Thespace RL2(€2; X) of random elements in X, is defined as the closure
of L?(Q; X) under the norm | - [[r1,(q.x); in other words, the elements of RLy(Q; X) are
identified with a formal series »_ 7 fafa, Where Hf”?ng(Q;X) < 0o. Clearly, RL2(€; X) is
a Hilbert space with respect to || - [[r 1, (0:x)-

The operator R~! that is inverse to R is defined by R ™1, = 7;'¢,. Let X < Y < X/
be a normal triple of Hilbert spaces with duality pairing (-,-)x’ x. We define the space
R™1Ly(Q; X) as the dual of RLa(Q; X') relative to the inner product in the space La(;Y).
The duality pairing is given by

(fs D RL2 (xR 1La(2:x) = E(Rfa: R ga)x' x = Z<fomga>X’,X
aed
for f € RLy(Q; X') and g € R™1Ly(Q; X). Similarly, R~ Lo(Q; X’) is defined as the dual
of RL2(Q; X) relative to the inner product in L2(€2;Y). We may leave out notating the
dual spaces in ((-,-)) where it is either obvious or inconsequential.

There are several classes of weights in the literature [28,31,37,47]. We list a few.

(1) In Section 3 and Chapter 3, we consider only admissible weights of the form



where ¢ = (q1,q2,...) is a decreasing sequence of positive real numbers. This
class of weights arises naturally, for example, when studying equations where the
driving white noise acts on the term of the second order partial differential operator
(44,48, 49].

(2) Kondratiev spaces. Denote the sequence (2N)77 := ((Qk)*q)k:m,m. The Kon-

dratiev space S_1,_4(X) is a weighted space with weights

, _ (eN)77)”

'S =
« o!

The Kondratiev spaces have been widely used to study various classes of SPDE

(see e.g., [10,29,31]).

2. Generalized Malliavin calculus and the Wick product

In this section, we discuss a generalized form of the Malliavin calculus, and also its
relation to the Wick product. Roughly speaking, the traditional development of the subject
of the Malliavin calculus begins with defining the Malliavin derivative Dy;, with respect to
Gaussian white noise,

oF
8a:z~

N
Dy F(W(hy), ..., W(hy)) =Y 2—(W(h1),..., W(hy))hi,
=1

for a smooth function F' and h; € U, i = 1,..., N, and where W (h;) = fOT h;dW (t). The
Malliavin derivative maps elements in Ly(£2) into La(€2;2/). The Skorokhod integral &, is

then a map Lo(Q;U) into Ly(€2), defined via the adjoint property,

E[6y (f)8] = E[(f, Dy @)ul-

(See [50,56] for details.)

The generalized form of the Malliavin calculus retains the properties of the traditional
Malliavin calculus, including the adjoint property, but accords more flexibility when it comes
to defining the Malliavin derivative and Malliavin divergence operator with respect to other

random elements besides Gaussian white noise. For any &, define the Malliavin derivative
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D¢, and Malliavin divergence operator dg¢, by

ka (ga) = \/@‘fafeka and 6fk (ga) =vVag + 1€o¢+ek-

The Malliavin operators Dy, , d¢, can be extended to any Cameron-Martin basis element
£s by

Dﬁﬁ (ga) = <g> 6&—57 and 653 (504) = <a Z B) §a+ﬁ'

An important relationship between the Malliavin derivative and Malliavin divergence oper-

ator is the adjoint property: for o, o/, € 7,

(2‘5) <<6§5 (504)7&)/» = <<§ouD§g (fa’)»

By bilinearity, D,,(v) and d,(f) can be defined for random elements u on U, v on X,
and f on X ® U [46]. Elementary computations with the Wiener chaos expansion yields
explicit formulas for D, (v) and 8,(f), as follows. Let u = > uqa&n with u, € U, and
v=>, Vo With v, € X, and f =" fols with f, € X ® U. Then

D,(v) = Z (a ; ﬁ)va—&-ﬂ ®ug | Las
« \'5

5.1 =3 | X4/ (5) ool |

o \p<a

The Malliavin divergence operator is closely related to the Wick product. The Wick

product is defined as

fuos— (a;5>fa+ﬁ

and is extended by linearity to f o n, where f is a generalized X-valued random element
and 7 is a generalized real-valued random element. Clearly, f on = §,(f) in this case (with
U = R). The difference between the Malliavin divergence operator and the Wick product lies
in the fact that the Wick product is a point-wise product between X-valued and R-valued
generalized random elements, whereas the Malliavin divergence operator, being a stochastic

integral, is a convolution between /-valued and U ® X-valued generalized random elements.

IRecall the multi-index notation on page 7.

12



Thus, the Wick product is a symmetric operator, whereas the Malliavin divergence operator

is not symmetric (see [46]).

Next, we describe some situations in which we will encounter the Malliavin derivative,

Malliavin divergence operator and the Wick product:

(1) We can define the Malliavin divergence operator with respect to white noise W,

~—

which is a random element on U. For f € RL2(; X @ U), 64, (f) is the unique

element of RLo(2; X) with the property that

<<5w(f)7 90>>RL2(Q;X),R—1L2(Q;X/) = <<f7 DW(W)>>RL2(Q;X@M),R—lLQ(Q;X@u)

for every ¢ € R™1Ly(Q; X') such that Dy, (p) € R Lo (4 X' @ U).
In the case of time white noise on a finite time interval, i.e., U = Lo(0,T), it
can be shown that the Malliavin divergence operator coincides with the Ito integral

under the assumption of adaptedness [56]. That is,

T
8, (u) = /0 w(t)dW (L),

provided u(t) is a suitable random element that is adapted to the filtration gener-
ated by the Brownian motion W (t).

For a random element g € RLy(£2; X), it will often arise in modelling problems
to consider the multiplication, or convolution, of g with white noise W. Strictly
speaking, the term d;,(g) is not well defined. But, by abuse of notation, we

interpret

By (D]a = D VOkGra—o

k>1
where gi o = U} ® ga.
When W (x) is a white noise on Lo(D) with orthonormal basis {ug(z)}, and
when g(z) is a generalized random function in z, this interpretation coincides with
the Wick product model g(x) o W (z) by taking the Wick product pointwise in .

To see this, choose gy o () = ug(2)ga(x), then

(9) o W) =" Vi ga-al@hu(x) = 8y (9)
l

13



If {u} is chosen such that DVu; € L™ for all k and all v = (v1,...,74) with
Iv| <1, then g o W € D/(WP) provided g € D'(WhP).

(3) In Chapter 4, we will consider a nonlinearity of the form ¢ d,,u. Direct compu-
tation gives that

(2.6) (ul 0 Op)a = Y \/(EYT) (g, V) ey
0<y<a

Each chaos mode of the Wick product is determined by a convolution among be-
tween the lower order chaos modes. This observation is important, as it suggests a
connection to the Catalan numbers which are themselves characterized recursively

as convolutions.

3. A basic application of the Wiener chaos expansion to solving SPDEs via

the propagator system

The Wiener chaos expansion is used as a separation of variables technique for stochastic
ordinary or partial differential equations. Just like how the Fourier expansion is used to
solve for the Fourier modes of a solution of a deterministic PDE, the Wiener chaos expansion
is used in an analogous way to find the Wiener chaos modes of the solution of an SPDE. The
separation of the independent variable of randomness leaves behind a deterministic system
of equations for the Wiener chaos modes of the solution, termed the propagator system of
equations. The analysis of the SPDE is thus reduced to the analysis of a deterministic PDE
system for which deterministic theory can be applied.

In this section, we show a basic application of the Wiener chaos expansion to study the

parabolic SPDE on a bounded domain D C RY,

du Au+ 65 (Mu+g)=f onDx(0,T]
(2.7) ulop =0

Ulpmg = v

where W is a Gaussian white noise which may depend on space or time, A is a second
order elliptic operator from H{ (D) onto H~1(D), and Mu := 3, Myu ® u, where My,
k = 1,2,... are bounded operators from H}(D) into H~ (D). We will assume that the

boundary 9D and the coefficients of A, M, are sufficiently smooth in the space and time
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variables. The input data v, f,g are allowed to be generalized random elements, and we

recall that they can be measurable with respect to a white noise different from W.

3.1. Some notation and constants. Before we proceed, we state our notation for
various constants that will show up often in the rest of this chapter and the next chapter.

We assume throughout that A(¢) is uniformly elliptic on (0,7] and is coercive and
bounded,

o (A ) = C5elully.

(At)u, v) < Chllull gallv] -

Denote Czllip = (C%¢)~! to be the constant in
Wi
(2.9) lwllgg < CFP N 1l

for the solution of the zero Dirichlet problem A(t)w = f, for any ¢ € (0,7]. Also denote

C'4 to be the constant in

(2.10) lwll 220,712 (pyy < Calllwollz2py + 1 flz20,7;5-1 (D))

for the weak solution w of the zero Dirichlet problem % + A(t)w = f with w(0) = wy.

For the Sobolev spaces H" (D), r > 1, let )\,(:) be the constants in
(2.11) | Ml 20y <N wllarpy,  ¥w € H'(D),t € (0,7]

For brevity, we write A\ = )\,(Cl). Observe that C}, := )\kCZ”ip are the constants defined by
—1 1
|.A MkaHéX < C;C||UHH5X for all v € Hyy.

Finally, let ug), r = —1,0,1,... be the constant arising in ||gi| my < ul(:)”gHH;(. We

will write ug = ,u(_l).
We will use shorthand to denote the spaces: for example, we will write RQLQTH;(l to

denote RLo(Q; L*((0,7); H-Y(D))). Also, H}y denotes H} (D).

3.2. Existence and uniqueness of solutions. We begin by defining the notion of a

weak solution of (2.7).
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DEFINITION 3.1. A weak solution of (2.7), with f,g € RQLZTH)_(1 and v € RQL%, s a

process u € RQL%H&X such that for every ¢ € R51 with Dy, ¢ € Rs_zll/l,

(2.12) (u(®), o) = (v, ) - /0 (Au+ 8y, (Mu+g), ¢)ds + /O (f, ohds

with equality in L%H;(l.

The existence and uniqueness result for a weak solution of (2.7) for v, f deterministic
and g = 0 has been shown in [49]. The proof relies on the Equivalence Theorem 3.2 that

relates the weak solution to the propagator system (2.13).

THEOREM 3.2. The process u = Y., uaa € RolL3H}y is a solution of (2.7), if and

only if, for each a € J,
t t
(2.13) Ue(t) = Vg — / Aua(s) + > Vor(Mytia—e, + gka—e,) ds + / fals)ds
0 E>1 0

holds in Hy' for a.e. t € [0,T).
PROOF. See [49]. O

Using the techniques from [47] (Theorem 9.4) or [45] (Proposition 4.2), we can extend
the existence and uniqueness result to the case when v, f, g are random, and determine the
conditions for the weighted spaces that u may belong to, in terms of the spaces that the
input data belong to.

THEOREM 3.3. Let the weights R, with r2 = g satisfy

laft’

(2.14) > aCiN < 1.
k>1

(1) If the input data v € Lg( and f,g € L%H)}l are deterministic, then there exists a

unique weak solution u € RQL%H&X, and

lullrgrz . < C (ol + 1/l + lolliz )

where C depends only on R, A, M and T.
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(e3

72 = L. Also assume, in

= T-

(2) Assume v € RoL% and f,g € RoLAHy' for some 72 fam

addition to (2.14), that qx are chosen to satisfy

B 4

(2.15)
= Pw

Then there exists a unique solution u € RQL%H&X, and
lullrgzz sy < C (I0lgars + 1 \zgrzazt + N9llzg st )

where C depends only on R, R, A, M and T.

PROOF. Step 1.
Assume v, f, g are non-random. This case has been studied in [49] for ¢ = 0. The proof

here is essentially the same. The propagator system is
t
uo(®) = vt [ Augs) + Flds
0
t
Ue, (1) = /0 Aug, (s) + (Mru)(s) + gr(s))ds
t
ug(t) = / Aug (s) + Z\/ak/\/lkua_gk(s)ds, la] > 2
0 k
Let ®; = et be the semigroup generated by A. Then for o = (0),
t
u() (t) = @0 +/ Do f(s)ds
0
and from the deterministic parabolic estimates,
huolliz s, < Caloll g + 1712 z-1)
For a = ¢,

t
Ue, (t) :/0 Dy, (Mpugoy(s1) + gr) ds1
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and again applying the deterministic parabolic estimates,

el < Ca (IMeto)ll s + ol )
<Cy (/\kCAHu(O)HLQTHgX + MngHLgH;(l)

< CaM (3Ca) (ollg, + 1712t + 119l 2 1r0)

where M = supy(1V 55&-).

For |a] = n > 2, with characteristic set K, = (k1,...,ky), it can be shown by induction

that

1 t prsp S92
ua(t):\/a%;n/o/o /0 Dy Mi ) - Py sy (M, 0 00 (51) + Gk, 0y )51 - - - dsy

where P, is the group of permutations of {1,...,n}. Then, we obtain

(é)a]a]!
luallrg my, < CaM=—"=—

Val!

where C = (C1,C4,...), Cr = \Ca.

(lollzs, + 112 =1 + Nl 3 1)

Taking the weights to satisfy (2.14), it follows from Lemma 1.2 that

lullrgrzmg, < CUlig + 171 =t + ]2 =)

where C depends only on R, A, M and T.

Step 2.
Fix an arbitrary o® € J. Assume v = V&, f = F&u+,9 = G&,+; in other words, the
randomness of the data is localized to a single mode. Let u[a*; V, F, G|(t, ) be the solution.

By linearity, the chaos expansion coefficients with indices of the form a* + « satisfy

Ua*+a[06*;‘/,F, G] Ua[(()), \/%a \/ZT!a \/%]

(o + a)! Va!

and are zero otherwise. Then
4 2
[ lulas Vo 610 By

_y o ()
N —~ lo*+af o

Ua, {(0);
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¢+ Jalla) (@ +a)t o 2
=2 ala o+l oot 14alOVoF Gllzg g,
«

a*

s

IN

[u[(0); V; F, Gl 12,112,

!
where the last inequality follows by Lemma 1.3.

Step 3.
For the general case with random data, assume v € 7?,QL§( and f,g € QQLQTH;(I. The

solution can be written as

u = ZU[O(*7 Vot fa*aga*]

a*

Using the estimates from Step 2,

lullrgrz s, < D Nula™var, fors gar]llRg r2 12
THox THox
a*

2 o 1/2 e o\ 172
<o (S Ept) (S (riy 1 + o)’
a* a*

< C (Iolrgzs + 1 flrgrznz + 19legrams)

where we have applied Cauchy-Schwartz inequality in the second inequality. The conver-
gence of (Z o %%) follows from a sufficient condition such as (2.15).

Clearly, R D R, so u is a weak solution of (2.7) in the sense of Definition 3.1. Uniqueness

follows from the uniqueness of each equation in the propagator system. ]

REMARK. The validity of the assumption that M := sup;(1V ’)f—i) < 00 arises in some
common examples. For example, taking Mo = upA¢ and gp = urg, we have that ug, A\g
are both ~ O(k). If M = oo, then in the estimate for HUO‘HLQTHéx in Step 1, we should
replace the factor MX® by (XC4 V ji)®, and use the criterion Sk @(MCa V pg)? < 1in
place of (2.14).

REMARK. If the input data is non-random, then it belongs to any weighted space R for
any p. In this case, condition (2.15) is automatically satisfied, and the condition for optimal

solution weights R reduces to (2.14) alone.

3.3. Higher regularity of solutions. The weak solution of (2.7) is a generalized
process in H&X, and we now investigate when it possesses better smoothness in the spatial

variable. Such a result will become useful in the analysis of the stochastic finite element
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method in Chapter 3, because the spatial regularity of the solution is closely related to the
convergence order of finite element schemes. In fact, within the limitations of our analysis in
Chapter 3, we require at the least that the minimum spatial regularity of the solution u be
H?(D)-smooth, and its time derivatives u¢, uy be Lo(D) and H~!(D) functions respectively.
However, obtaining higher spatial regularity comes at the expense of worsening the weights
R.

In line with the strategy of the previous section, we derive higher regularity results
from the analogous results in the deterministic theory. Thus, we will see, for example, that
certain compatibility conditions at time t = 0 are necessary conditions for higher regularity
to hold, except that the compatibility conditions in the stochastic case are more extensive
than those in the deterministic case.

We now recall a result from deterministic PDE.

THEOREM 3.4. (Evans [14], Theorems 5 and 6 in §7.1.3%). Let A be a uniformly
elliptic second order operator whose coefficients belong to HQIJ/V)]“(OO Suppose u € LQTH(}X

with uy € L%H)_(1 1s the weak solution of

u+Au=f in D x (0,T]

ulpp =0
u(0) =wv
(i) Assume
v € Hiy, ferirk.

Then in fact u € L2TH)2( N L%OH(%X and uy € L%L2 , and

ess suplu(®) g, + lullgag + el < Co (lolag, + 171303,

where the constant C,* depends only on D, T and A.

(ii) Fix m > 1. Assume

dk
v E H)Q(mﬂ, W{ € L%«H)Q(m_% fork=0,....,m

2The statement of the results assumes that the operator A does not depend on time. A careful analysis
of the proof shows that a similar result holds for time dependent operators under the assumptions on the
coefficients described in this section.
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and suppose the m-th order compatibility conditions hold:

UO::VOGH&X, Vl::f(O)—AVOEHéX,...,

m—1
Vip = S — AV € Hly.

Then 4 ¢ L%Hg(mw_% fork=0,...m-+1, and

dtk
m
k=0

where the constant Cpy? depends only on m, D, T and A.

' f
dtk

d'u
dtk

2 . rr2m—2k
LT7HXm )

m
< e (uvnH;mH 3
k=0

2 172m+2—2k
LT HY

From Theorem 3.4(i), we can obtain the following higher regularity result for the sto-
chastic equation (2.7), with deterministic input data. The case of random data can be

shown in the same way as Steps 2 and 3 in the proof of Theorem 3.3.
COROLLARY 3.5. Suppose u € RoL%HJy is the weak solution of the SPDE (2.7). Also
assume that v, f, g are deterministic with
veE Hyy, and f,g€ L3L%.
Then for the weights R satisfying

> NG <1,
k

the weak solution u € ’QQL%H)Q( and

lllzgizm < C (10l + 1/ 0zazs, +llgllzz s, )
PROOF. The proof is similar to the proof of Theorem 3.3. The estimates for each u,

are obtained by applying Theorem 3.4(i) to the propagator system. g

No special compatibility conditions were necessary for Corollary 3.5, but it is unable to
ensure boundedness of u;;. Thus, we next show how to obtain a smoother solution and the

boundedness of uy using the 1st order compatibility conditions.
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COROLLARY 3.6. Suppose u € RoL%H}y is the weak solution of the SPDE (2.7). Also

assume that v, f, g are deterministic with
d
v E Hg}, and f,g € L%H)Q(, and —,— € L%Lg(,
and that the 1st order compatibility conditions hold for {v, f, gx}:

veEHy, f(0)—AveE Hiy,
(2.16) 0X 0X

Mo+ g,(0) € Hiy Vk=1,2,...

Then for the weights R’ satisfying

(2.17) S (VAR e) <1,
k

the weak solution u € Ry LAHY, us € R LAH% and uy € RpLAL3 and

lullry 2 ms + llwelliry r2 a2 + lusellry 2 12

< C(lvllgs + 1z + N9llzmz + 1 fellze + lgell L2 r2.)

PROOF. For a = (0), the (deterministic) compatibility conditions hold, and from The-

orem 3.4(ii),

w2z ms + lluo)ellz az + lu)elliz oz

<1 (lollg, + 1 Nz mg + 1 illzzz, )

For ae = g, since we have assumed the coefficients of My, to be sufficiently smooth (e.g.,
at least Wf(’oo), S0 u(y) € LZHY% implies that Myu) + gr € LZH?%, and Uy, € LZH?%
implies that (Myu () + gr )t € LQTLg(. The compatibility conditions for (M) +9k)|t:0 =

Mv + gx(0) are also satisfied. Again applying Theorem 3.4(ii),

ey Iz st + Cute illz gz, + 1uaey urll 2 o
4 2 2 0
< 1 (MO Nulzz arg + 07 Mgl 2.z + M N(wo))illzg s + 03 Nelzz 12,

4 2)\ 2~
< (PO VA (lollg, + 1 Uz mg + Wellzzcz, + glzzars + ez o2, )

(2

= O
WhereM:supk{l\/( (e Vit )

W} (The remark following Theorem 3.3 applies.)
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For |a| > 2, we have Myuq—c, € L2H% and (Myuq—c, )¢ € L3-L%. The compatibility
conditions hold trivially, since uq—¢, o = 0 whenever |a| > 2. The usual computations

give the estimates,

luallrz ms + luaelliz a2 + vl 2 22

(CT9® v AD)) %!
Va!

X (HUHH?( + Iz mz + 1 fellzzzz, + ll9llzz a2 + HgtHLQTL§(> :

< CT9M

The weighted norm HuHRb 2.4 < 00 provided (2.17) holds. O

Due to the lower triangular property of the propagator system, the first order compat-
ibility conditions for the stochastic parabolic equation call for additional conditions on the
input data compared to the deterministic case. If the input data is smoother than what is
assumed in Corollary 3.6, additional compatibility conditions are required on the derivatives
{D%v, D7 f, D7g} in order to further increase the spatial regularity of u,u; and wuy, even if
the boundedness of time derivatives beyond uy are not needed. Additionally, if the input
data is random, similar arguments as Steps 2 and 3 in Theorem 3.3 extend Corollary 3.6
to the random input data case, this time with additional compatibility conditions on the

modes {vq, fa, ga}- These results are summarized in the following theorem.

THEOREM 3.7. Suppose u € RQL%H&X is the weak solution of the SPDE (2.7). For

fixed m > 2, also assume that

df dg

’UGQQH;HJ, and f,g € RoLAHY, and el

€ QQL%HE?_Q,

and that the compatibility conditions (2.16) hold for {DVva, D fo, DVgi o}, for all a € J,
and all indices v = (y1,...,7vq) with |y| <m —2.
Then for the weights R’ satisfying

(2.18) Zq;€<(A§€m+2> v A,ﬁm))c,r,fg>2 <1 and Z—’“ <1,
k K Pk

we have for the weak solution

(2.19) u€ RGLIHYT?  w € RGLAHY,  uy € RGLAHY 2,
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and

||UHR§2L2TH;?+2 + Hut||72g7L%H§g + HuttHR’QLQTH;?_Q

< C(llollgypm + 1 fllzgrzmg + 191 gizmg + 1l gz e + 10tz me2)-
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CHAPTER 3

Error Analysis for the Stochastic Finite Element Method

In this chapter, we study numerical solutions obtained with the stochastic finite element

method applied to a parabolic SPDE driven by a multiplicative abstract noise W,

d Ayt 8y, (Mu)=f on D x (0,7]
(3.1) ulap = 0,

Ulpmg = v

and derive a priori error estimates for the numerical solution. Here, A is a uniformly elliptic

operator and A, M take the form

Au= -3, D;(a%(x,t)Dju)

(3.2) g
./\/lku = Zi,j Di(d;j (.%', t)Dju)

with a¥, sz measurable and uniformly bounded on D. So, equation 3.1 is a special case of
equation 2.7.

The stochastic finite element method combines discretization procedures from the clas-
sical finite element theory in numerical analysis with stochastic analysis in order to obtain
computable solutions of SPDEs. The variable of randomness is discretized by a Galerkin
approximation of the Wiener chaos expansion. This reduces the propagator system to a
finite system of deterministic PDE that is then solved using the finite element discretiza-
tion. Additionally, thanks to the lower triangular property of the propagator system, the
stochastic finite element method becomes an iterative procedure of applying the finite ele-
ment method to each equation in the propagator system recursively. This formulation of the
stochastic finite element method for the corresponding stochastic elliptic equation has been
described in [65], while the formulation for the parabolic case is essentially the same [44].

An important question to address upon formulating the numerical algorithm is to quan-

tify, a priori, the error of the numerical solution. As a consequence of the discretization
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procedures, the numerical error estimates for the elliptic and parabolic problems are com-
prised of two terms. One term represents the error from the stochastic discretization, while
the other term represents the numerical error from the application of the deterministic fi-
nite element method to each equation in the truncated propagator system. A feature of
the error estimates that carries over from the deterministic theory to the stochastic case is
the connection between the spatial regularity of the solution and the order of convergence
of the finite element schemes—a smoother solution yields a higher order of convergence for
the part of the numerical error coming from the finite element discretization. Moreover,
the Malliavin calculus approach turns out to be an indispensable framework for the error
analysis of the parabolic equations, because it avails us of the two stochastic adjoint opera-
tors, the Malliavin derivative and the Malliavin divergence operators, satisfying the adjoint
property (2.5). This provides a tool to investigate the stochastic finite element method in a
completely analogous way to the deterministic theory. The main idea brought over from the
deterministic theory is the definition of the so-called Ritz projection that comes from the
finite element method applied to the corresponding elliptic problem; additionally, where the
notion of invoking an adjoint problem is required, the Malliavin calculus provides exactly
this tool of a stochastic adjoint problem. In this sense, one may construe this error analysis
to be a direct generalization of the deterministic theory to the stochastic case.

However, it should be noted that extensive research on variants of finite element meth-
ods, such as hp-element methods, has produced highly efficient deterministic solvers. As
such, it is frequently the case that the errors incurred by the stochastic finite element method
are largely dominated by the error due to the stochastic discretization, rather than the spa-
tial discretization. Nevertheless, it is our hope that the techniques described in this chapter
will elucidate a way of using the Malliavin calculus as a framework for direct generalization
of the numerical analysis.

Before proceeding, we remark on the wealth of techniques in the literature that has
been developed both for the stochastic analysis and numerical analysis of SPDEs. Though
the basic conception of the discretization procedure is based on the basic protocols already
familiar in the algorithms for deterministic PDE—finite differences, Galerkin approxima-
tions, collocation methods, finite element methods, etc.—these methods differ essentially

depending on the way stochasticity is modelled in the equations. SPDEs that are essentially
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infinite dimensional It6 equations (for example, equations driven by cylindrical Brownian
motion) are often treated by transforming the SPDE into an infinite system of SDE and
applying the techniques of the usual It6 calculus. Numerical simulation of this type of
SPDEs often involves discretizing the SDE system by finite differences in the time com-
ponent of the Brownian motion increments [13, 25,26, 33]. Stochastic Taylor expansions
are used in [32,36] for developing and analyzing high order methods. In problems of
Uncertainty Quantification, equations that depend on finite dimensional noise (i.e. pertur-
bation by finite number of random variables) have enjoyed the development of polynomial
chaos, generalized polynomial chaos and stochastic collocation methods over the the past
decade [22,23,67-69]. These methods make use of the Karhunen—Loéve expansion, an
orthogonal stochastic expansion akin to the Wiener chaos expansion, likewise treating the
stochasticity in the equation as independent variables.

Within the realm of finite element methods for stochastic PDE, there has been much
literature on the algorithms and analysis for both elliptic and parabolic SPDE. We describe
a few studies that bear some connection to our present analysis. Convergence rates of the
Wiener-Ito expansions of white noise and the errors from the Galerkin approximations,
sans spatial discretization, have been studied in [7,10,63]. In [38,39], the finite element
discretization for semilinear parabolic SPDE and linear stochastic wave equation, both with
additive noise in the framework of Ito calculus, was studied. For general elliptic SPDESs, the
stochastic finite element or stochastic collocation methods have been studied by [1-3,21].
The white noise functional approach using primarily the Wick product model has been
studied by [8,29,30,52], appealing to a similar technique of transforming the SPDE into
a deterministic system of PDEs. An analysis in which the existing deterministic finite
element theory is extended to the stochastic setting has been studied by [61,70]. This idea

of extending the deterministic theory turns out to be similar in spirit to our present work.

1. Review of the error estimates for the finite element method for

deterministic PDE

We first describe the usual finite element set up for solving deterministic PDEs, and
briefly review how the error estimates for elliptic and parabolic PDE are derived. The finite

element set up will be used directly as the protocol for spatial discretization in the stochastic
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finite element method, but beyond that, we will elucidate the principles governing how the
deterministic theory is developed, that will become the conception for the subsequent error

analysis.

1.1. The finite element approximation. Let D be a domain in R? with smooth
boundary and let 7, be a family of quasi-uniform triangulations on D. Let (K,cf, P,N)
be a reference finite element. For K € Ty, let SK = {2 : 20 Fg' € P(K,ep)} where

Fi : K,y — K is affine. The finite element space is

Sy, ={z€ HYD) : zlg € SE, K e T}
A property of Sj, we assume is that there exists r > 2 such that for hA small,
(3.3) zgrelgh {lIlv=2nlle, + 2|V = 21) |1, } < CR*||||gs, for1<s<r

whenever v € H* N Hol [62]. We also assume that, in particular, S, consists of piecewise

polynomials of degree at most r — 1, so that the inverse inequality holds,
HVzhHLz < Ch_luzhH[g, Yz, € Sh.

We denote the finite element basis of Sy, by {®;};=1,.. dim s,

1.2. The finite element method for deterministic PDE. For illustration’s sake,

we consider a simple parabolic equation, the heat equation on D

u—Au=f, onD
ulpp =0

u(0,) = w
and the corresponding elliptic problem

—AU=F, onD
Ulapp =0

We will give an overview of the derivation of the error estimates for the parabolic equation,
a la Thomée, which utilizes error estimates for the corresponding elliptic problem as well
as utilizes properties of the adjoint problem (which in this case coincides with the elliptic

problem, since A is self-adjoint.)
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The finite element formulation for the elliptic problem is to find Uy, € S}, such that
(VUfqu) = (Fa X)> VX € Sh

Then the following error estimate obtains, the proof of which is well documented in the

literature and is not needed for our purposes.

THEOREM 1.1. Assume the solution U of the elliptic problem belongs to H® for some

1 <s<r. Then
|Up —U| < Ch*||U||ls and |VU, —VU| < Chs_lﬂUHs.

Similarly, the finite element formulation for the parabolic equation is to find uy(t) € Sp,

t > 0, such that
(un,t: X) + (Vun, Vx) = (f,x), VYx € Sp,t >0,

with up(0) = wp, where wy, € S, is some approximation of w. This is a semi-discrete
formulation where the time variable has not been discretized. We have the error estimate

as follows.

THEOREM 1.2. Assume the initial condition w € H", and for simplicity take wy, = Ryw.

For the solution u of the parabolic problem, assume that w,us € H". Then

t 5 1/2
un(t) — u(t)] < CH" <||uur+( [ iz ) V>0
0

We will highlight the key ideas of the proof to illustrate how the elliptic error estimates
are being used to show the parabolic error estimates. We define the elliptic or Ritz projection

Rh : H& — Sh by
(Vth7 VX) = (VU, VX)? VX € Sh

In order words, Ry is the finite element approximation operator for the corresponding
elliptic problem, which maps an exact solution v of the elliptic problem to the finite element

approximation vy, = Rpv. Then, the approximation error can be decomposed into the sum
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of two terms,

wn(t) = u(t) = (un(t) — Ruu(®)) + (Ruu(t) — u(t)) = (t) + 7(t)

In an obvious way, 7(t) can be directly estimated using the elliptic error estimates, and in
a less direct way, so too can 6(t) be estimated. Using the definitions of the weak and FE

formulations, we can compute
(etaX) + (VG,VX) = _(ﬂ-t?X)’ VX € Sh7 t> 07
and choosing x = 60
Ld o 2 2 102
5107 + V02 < m|10] < Clmif? + 'l

and the error estimates follow from applying Gronwall’s inequality. O

The last equation in the sketch of the proof uses the Lo duality estimates, |(m¢, 0)| <
|7¢||0|, which is a sensible choice since elliptic error estimates provide knowledge of ||, and
which leads to an order of convergence h” matching the norms of both ||u|, and |lu,.
However, this manner of estimates does not exploit the structure of the regularity properties
of u,u¢, ... that solutions of parabolic problems possess. An alternative estimate is to use
instead the duality pairing between H~ ' and H!, |(m,0)| < ||m¢||-1]|0|/1. This requires a
different set of estimates in the negative norm, but also turns out to yield a higher order of

convergence.

1.3. Using the adjoint problem for negative norm estimates. The adjoint prob-
lem of the elliptic problem, which in the simple model problem happens to coincide with
the elliptic problem itself, is used in a duality argument to yield error estimates in negative
order norms. The feature of these estimates is the give-and-take between spatial regularity
and order of convergence—one can estimate the error in a lower order Sobolev space in
exchange for a higher order of convergence—though such trade-off is quite typical in finite
element theory. Subsequently, we will use this to improve the order of convergence of the

error estimates for the parabolic problem.
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For a nonnegative integer ¢, we define the spaces H (D) to be the dual of H4(D) with

respect to the inner product in L?(D), with duality pairing (-,-). The norm is

(v, )
[0]]~g = sup
T gena lI19llg

We have the following analogue of the error estimates for the elliptic problem.

THEOREM 1.3. Let U € H® for some 1 < s <r. Then
|Un —Ul|l—4 < Chit||U|ls, for0<q<r-—2.

To illustrate the duality argument, we give the highlights of the proof. The negative

norm in the sense of the sup norm is to be estimated; to this end, for any ¢ € H?, consider
<Uh - U7 ¢> = (Uh - U7 _Aw) = (V(Uh - U)7 qu/))

The existence of 1) is granted by the solution of the adjoint problem —A) = ¢ with ¢)|sp = 0,
and moreover has the property that |¢[/q12 < C||¢||4 for any ¢ > 0. Consequently, by

orthogonality of the error to Sy, the approximation property in Sy, and the elliptic error

estimates,
(({Un = U,8)| =[(V(U, - U),V(¥—x))|  forany x €S
< C||Up = Ul inf [lv — x|l
XESh
< CR MU - h9 @ llgr2 < CRITE(U sl ¢l
The result follows. OJ

As noted above, the application of the negative norm estimates is to raise the order of

convergence for the parabolic problem.

THEOREM 1.4. Let r > 3. Assume w € H" and for simplicity, take wy, = Rpw. Also
assume the compatibility conditions that yield u(t) € H™, wy(t) € H™™! for a.e. t > 0.
Then

jntt) = e < € (el + ([ funli i)
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To prove the theorem, we decompose the error into two terms similar to the previous
proof of the parabolic estimates. The difference comes in estimating the term 6(¢):

Ld

2dt’9|2 +(V0,V0) < ||mel| -1 [10]r < Cllme2y + VO]

Integrating yields the desired estimate for 6. Together with the estimate for |m(¢)] <
Ch™||ul|,, the result follows. O

2. The stochastic finite element method formulation

We will formulate the stochastic finite element method for the linear parabolic SPDE
(3.1). The stochastic finite element method adopts the same idea as in the deterministic
case, by elucidating a finite dimensional stochastic finite element space and casting the weak
formulation of the problem into that finite dimensional setting. As with many numerical
schemes for SPDE, the stochastic finite element method considered here forms the stochastic
finite element space as a tensor product space of the spatial and stochastic variables, to
which well-developed discretization techniques for each variable are applied separately: a
finite element approximation in the spatial variable and the Galerkin approximation in the
stochastic variable. In our analysis, we consider only the semi-discrete case, in that the
time variable is kept continuous, thus yielding a system of ODE. The fully discrete scheme
can be created by applying a suitable time stepping algorithm to the system of ODE.

Finite element approximation in space. We use the usual finite element set up described
in Section 1.1; that is, .Sy is a finite element space on a family 7j of quasi-uniform triangu-
lations, with the assumption that Sy, is spanned by the FE basis {®;};=1,. dim s, consisting
of piecewise polynomials of degree at most r — 1.

Galerkin approximation in randomness. Letting
Ivun={y€ T : |7| <n,dim(y) < M},

we define the truncated Wiener chaos space

SM»":{f: DA fWeR}.

YEIM,n
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M represents the truncation of the white noise to a finite dimension, while n represents the
highest polynomial degree of the Hermite polynomials that make up the Cameron-Martin
basis.

SFEM formulation. The stochastic finite element method for the parabolic problem is

Find uhM" € 8, @ SM™ such that

du]\l,n

(o g s, + (Auy ™ + aly 8 (Miuy™), 21 )z

= (f, Zh>>7gg;1H;§1

(3.4)

for all z, € SM" ® S}, and for every t € [0, T].

Denote the numerical solution

dim Sy,
M, . .
up M) = iy (@) = > > ()@)€,
YEITM n vyeIn,n =1

Due to 3.2, solving (3.1) via the SFEM is equivalent to solving each equation in the truncated

propagator system via FEM: for oo € T p,

i
(3.5) ( Z(to) s Zh) + A[ﬂ(o), Zh] = <f(0), Zh>,
N M
(36) (B ) + Alia, 2] + 3 vax (Mifita-ey, 2]) = (far 20,
k=1

for all z;, € Sy, with initial conditions g |i—o = (v,iw’")a. The bilinear forms A, M. are the
bilinear forms associated with A, Mj. Note that by our assumptions, A is coercive and
M ;. is bounded.

The algorithm. Next, we write out the SFEM algorithm explicitly to show the resulting
system of ODE. We define the mass and stiffness matrices identically to the usual FEM

case, and also a noise matrix arising from the stochastic term:
ti ;
= (@, @), M = ARy, @), RO = Mg[@y, Op).

The lower triangular discrete propagator system is solved iteratively. Let the vector of

coefficients of the solution vector be ﬁv = (Uy15- - Uydims, ). - Then, for v = (0),

MmaSS(ﬁ(O))t -i-MStiffﬁ(O) _ fT('O)
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and for |y| > 1,

— —

MmzzSS(u’y)t + MStiffﬁ,y + Z \/’% (Mnoisea”yf% + gk,y—sk) = f’Y
k
where

f_";: (<f'yvq)1>7"'7<f’ya<I>dimSh>)Ta and

gkﬁ = (<gk,’ya (I)1>a EERE) <gk,’ya (I)dimSh>)T-

REMARK. We remark that the stochastic finite element formulation for the parabolic
problem is identical to the formulation for the corresponding elliptic problem (3.8). For the

elliptic problem,

Find U}Jl\/l’" € 8, @ SM™ such that

M
(3.7) (AU, + ;5& (MO, 20 )zt = GF 2t

for all z;, € SM" ® Sy, and for every t € [0,7].

In this case, the implementation of the algorithm involves defining the stiffness and noise

matrices, but not the mass matrix.

3. Error analysis for SPDE with time independent operators

We first study (3.1) under the assumption that A, Mj do not depend on time. In
particular, the white noise W(a:) is restricted to become a purely spatial noise. The main
goal of this section is to show the main error estimates for the parabolic problem (3.1) (see
Theorem 3.9). This will be achieved by an analogous analysis as the deterministic theory,
of going through the elliptic error estimates and adjoint problem. In view of this, we will
begin by studying the formal stochastic adjoint problem as well as the negative norm error

estimates for the elliptic SPDE, and finally stating and deriving the parabolic estimates.

3.1. The corresponding elliptic SPDE and the formal stochastic adjoint

problem. The corresponding stochastic elliptic problem is

AU + 8,,(MU) = F in D
Ulap =0

(3.8)
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where F' € ﬁQH;{l. For non-random F, [49] has shown the unique existence of the weak
solution U in some RQH&X. For arbitrary random F', an argument by induction yields the

following result.

THEOREM 3.1. Let F' € ﬁQH)_(l. Then there exists a unique weak solution U of (3.8)

belonging to RQH&X, provided the weights r2 = % satisfy

6 7 dk
3.9 § axWC"™? <1, and * <,
( ) % Pk

Moreover, we have the bounds

!
(3.10) 1Uallm, < CL"VIall Y |1 Fasll g H(A cq) Bl(ﬂﬁ)!'
B<a

We first state a result on the boundedness of the stochastic operator in the LHS of

equation (3.8) that will come in handy subsequently.

LEMMA 3.2. Let x € RoHYNRoHJy, 7 > 1, where the weights satisfy >, qp(A5)? < co.
Then there exists C' depending only on R, A, M such that

A + 83 (M)l g2 < Cllxlras

PrROOF. We show the lemma for r = 1, for ease of notation; the proof for » > 1 is

identical. By direct computation,

9
HAX + 6W(MX)”3QQH)—(1 = Z T?!HAXQ + Z Vv akMan—Ek Hf‘{)—{l
«a k=1
0o 2
b
<32 (cAnxanH& s \ﬁamuxa_akmg)
ot k=1

2
oo
Al gy 42302 (z rakAkuxa_aang)
« k=1

(%)
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where C% is the constant in ||A¢||H;(1 < CY)|¢|l g1, for all ¢ € Hly. To estimate (x), we

apply Jensen’s inequality to obtain

o0
aE |«
@=Yr> 5 |\L' Ml Xaeella

[e%
akyﬁ()

ay, |a?
—Zmiif—mmwml

ap#0

—ZmewMH ﬂm%m

= ZQk/\Q Z Ta—ep [ Xa— EkHHl = (Z%)\2> HXHRQHlx
k «

o, #0

Hence,

IAX + 8y (M7 1 <2 ((02)2 + Zm&) X1 -
k

Let the operators A*, M} be the formal adjoints of A, My, respectively. The formal

stochastic adjoint problem of (3.8) is

A"+ M*-Dyp = ¢ on D
Ylop =0

(3.11)

for ¢ € R;H;(l. Although for our error estimates, we consider only self-adjoint operators
A, M. of the form (3.2), the results in this section apply to nonself-adjoint operators as
well.

By definition, the term M* - D;,% can be formally written as

(./\/l* . DW¢)Q = Z Vag + IMitate,, foraeJ

k=1
where the infinite sum is interpreted as convergent in an appropriate space. Due to the
adjoint property (2.5) between Dy;, and 4&;,, we have the adjoint property between the

operators

O A" + M* - W¢>>RQH R HY = (Ax + 6W(MX)7¢>>RQH;1,R51H3X'
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DEFINITION 3.3. A weak solution of (3.11), with ¢ € RS_)IH;(I, s a process P €
R{llH&X such that
06 AW+ ME- Dy hrg s mgrag = 06 Phrgnt, mgtas?

0x>

for all x € RQH&X.

Note that |U*|[f1 < C’ZMPHF||H_1 for the solution of A*U* = F, and |[Mj¢|g-1 <
Al

PROPOSITION 3.4. Suppose there ezists {1q, a € T} belonging to H& such that for all

[e.e]
(i) Y Vo + IMjtpase, € Hy';
k=1

[ee]
(i) A*o + Z Vag + IMiate, = ¢o in the weak sense.

k=1

Let the weights R satisfy

DO | =

(3.12) > a(MCHP)? <
K

Then there exists C' depending on R, A*, M*, such that
(3-13) Hd’HRng&X < C”‘ZsHRalH;(l-
PrOOF. From the deterministic elliptic estimates,
i "
[Yallmy, < CG™ (”%\Hl +y Vap+ 1‘Mkwa+€k”Hl>
k

So

- 10 -
D ra el <2CH"? Y ratlalf-

« «
2
L2y (i (z o T Dilase, uﬂéx)
« k
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In the second term,

2
Cellzp (ZT. \/O%TAkHwa—i-akHHl )

2
’Oé" |O"+1 ak+1 12 elli
= (2 VY PACE P ey, |l g

q©/2 q;/2 laf + 1 U

_ ap +1 i
< (Zrcx—%—ak|’wa+€k”[{0| ) (Z Qk >\ e zp
k

and
. +1
eraiek‘|¢a+5k||]—[1| |
a k
Br -
—3 S el = S5 Pl = 6,
k  B:8r#0 B
Hence,
(1 - 2(qu<Akcz’”p>2)> [P {(ejrud [ -opeeey
k
The estimate follows from the condition (3.12). O

THEOREM 3.5. There exists a weak solution 1 € RngSX to the adjoint problem (3.11)

satisfying (3.13), provided (3.12) holds.

PRrROOF. The weak solution is constructed via the usual Galerkin approach. Fix an

integer p, and let ¢ := ZI al<p Daln. We will first construct the weak solution P of
(3.14) AP+ M* - Dy = ¢P.
Let ¢ = 0 if |a| > p. For |a| = p, define 1} by the solution of A*Yh = ¢,. For |a| < p,

A*¢P - ¢a Z ka¢a+Ek

The solvability of the equation for |a| = p follows from the usual deterministic theory,

and

[Yallmy < Callgall--

The solvability of the equation for |a| < p requires that ), vai +1 belongs to

Oé+€k
H)_(l, which we now verify.

38



Denote by @Sj) the quantity

00 A

i)\ 2 —2 2
((I)oj)> = Z Ta+sk1+---+€ki ||¢C¥+5k1 +ote, HH*l H
k1,....ki=1 j=1

(tepy +- +er_ )k +1
laf +j

Clearly, CIJ(Of) <oo. Iflaj=p—1,forl=1,...,p, it is easy to show by induction on [ that
. l . . .
18 < C3 (H%HH-l +r (= 1)! Zzl/zq”/?q»é:))
i=1
where ¢ = Y, gr(AC5"7)2, and hence
l . . .
ra I Ver FIME I3 < (1= 1)1 24 @) < oo,
k i=1

This verifies that >, var + IMfuL, . € H~! and hence ¢? := " ¥h&, is well-defined.

By construction, 1P solves equation (3.14). Moreover, by similar calculations as Propo-

sition 3.4,

(1 - 2(qu<xkci“f°>2)> 1971214y < 2CH NIy

k

< 2(C3"") NI,

o Hy'!

and by (3.12), the sequence 9P is uniformly bounded in R{)IH&X. Thus, there exists a

weakly converging subsequence, say, with abuse of notation, ¢ — 1 weakly in R51H3X.
Fix an arbitrary x € RoH}y. From Lemma 3.2, F := Ay + 0, (Mx) belongs to

RQH;(l. Then

(A" + M- Dy, x) = (¥, Ax + by, (Mx)) = lim (¢, F))

p—0o0

(AP + M- Dy P, X)) (0", x) = (&, x)-

P—>00 P—00
By definition, the solution v satisfies the hypothesis of Proposition 3.4, hence the esti-

mate (3.13) holds. O

REMARK. Higher spatial regularity results follow as usual from the corresponding de-

terministic results for each equation in the propagator. In a similar fashion to the proof of
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Theorem 3.5, one can obtain higher regularity estimates such as

_ < 1
H@Z)HRQU{;{ = C||¢||R91HX 2

forr > 1,if ¢ € R§1H§(_2, and if the boundary 0D and the coefficients of A, My are

sufficiently smooth.

3.2. Error estimates for the corresponding elliptic SPDE. An extension of [65]
to random forcing terms yields the following result for the approximation error of the SFEM

approximation U. }le ™ of equation (3.8).

THEOREM 3.6. Suppose U € RQH&X N RQH}?H, where the weights satisfy

1

O |

j 1 Qi

3.15 G MCUPY2 <~ and =<
(3,19 S i) <5 ot

Then the error of approzimation of the stochastic finite element method is given by
M, 5

(3.16) U= U lrgmz, < Caunh™ Ul et + ClF gyt @un(R, R)

Here, Cprn can be taken as

M
and the constants C,C" are independent of h, M,n. The term

Cor :C,<M+n>

Sy QW QnJrl
QM,n(Ran) - \/(1—@)2 + 1_@

where
A 1 4k A i dk
Q=> aMCyT)P+ =<1, and Qw =Y aMCq ")+ =
E>1 Pk k>M Pk
PROOF. The first part of this proof closely follows the proof in [65]. Denote the numer-
ical solution by U, }Jl\/l EY a€Trp Uaﬁa. We decompose the approximation error into two
components,
M,n 2 g2 L2 2 2
U =0 g, = > Wa=Talinra+ > Ualfpyra
a€dM,p aeI\Im,p
=L+ 1
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For Term I, we use the definitions of the weak and numerical solution for each equation

in the propagator system,

M M
<AUa + Z \/OTkMkUafek 'Uh> = (fasvn) = <-’4Ua + Z VoarMpUs—g, Uh>

k=1 k=1
for all vy, € Sp,. Note that we are assuming complete knowledge of the forcing term F'.
An application of the approximation techniques in the classical finite element theory yields,

(see the Online Supplementary Material of [65] for details),

M
(3.17) 1Ua = Uallzry, < Ca nf [Us = vnlliy + ; VarCillUa—e, = Un—z,ll 1

where Cy = (1+ CIIZ‘C’ZW) and O}, 1= AkCZmp. By induction,
(3.18) 1Ua = Uall 1. < CA;caﬂvgggh||Ug—vhHH;(
<a

where ¢, g are constants depending on «, 3. The following Lemma gives a possible choice

for cq 8.

LEMMA 3.7. Denote C = (C1,Cy,...). Then the constants Ca,p 11 (3.18) may be taken

as

Ja—=p (a) S0
= e\ \8)

PROOF. This is done by induction. Suppose

Uy = Oyl <Ca) erp inf {|Us — vnllmy
B<y e

for all |y <n—1, dim v < M. Let || = n. Then the second term on the RHS of (3.17) is

M
Z VarCi||Ua—e,, — Ua—g, HH)l{
k=1

M

=0y Z VagCy Z Ca—ey,B Uiggh 1Us — UhHH)l(
k=1 ,BSO(*&]Q
M
D>
k=1

la—1—p|! O —¢€L\ Aa-p -
(a4 f _
W2 Taaa\\ s )OIl
SQa—€g
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=C i > la—1-Bt (e« (ap — Be)C P inf Uz — vy
- o a—pr \\s) " mesy 0 M

M
. a—1-7| « Sa—B -
<Ca >, la—1- Al | < )(Oék: — Br)C ﬁuiggh 1Us — onll s

k=1 B<a (O[—,B)' 6
ap#0
M
N ’Cz—l—ﬁ’! <Oé>—*_5 .
= A — — Ca inf Usg—v
A5<a ;( k= Br) e o\ \s o0 11U = vl
ap#0

- !@—5\' < > 8
=Ca ), P inf HUﬂ_Uh”Hl
o 1/ vpES

=Cy c inf ||Ug—
> cap il Uz = vnlm

B<a
Hence,
M
1Ua = Uall 1 <CA mf HU —vnllgs + D VrCkl[Ua—c, = Uaepllrs
k=1
< AAZCQ[; mf \|U5—vhHH1.

B<a

From Lemma 3.7 and denoting the constant in (3.3) by Crg, we obtain
2

Ua = Uallfp ra < W2 CEpCE | Y caslUsllamsira

BLa

A r
< h2mCI2TEC§x Z T%Ci,ﬂ Z 7",%’”UB||]2L[;?+1
B<a B BLla

: o\~
< WL Ch ;(w rasass | Wlrgmpe:
<a
So

. o
S e~ Cully eI s | 3 () st

a€IM,p a€Jm,p B<a

(%)
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|al

-1
To estimate (x), since (Iﬁ\) (g) < 1 due to Lemma 1.3,

_ ra\) E |a—m'2< ) S
) ; %(w "ot G B\
a B|a_ﬁ|'
a;}ﬁpﬁ;} (a — pB)!

_ Z Z 202,3|5|

BEITM azp
P a€IM,p

IN

-y (q2@2)ﬁ|ﬁ| x (#{a € Tup:a> B}

BEITM,p A

P ! M on
- 2wy (M) %)
nzodil‘flﬁ:glw

M+p u n M+p\ 1
< (M) s (M)

n=0

where [¢]<pr = Z,]y:l q2C? = ¢ — Gw. This gives the first term in the RHS of (3.16).

For term [, we recall the estimates (3.10). We decompose the sum in Term Iy into
n—1

a€I\Im,p 1= Z—{ | \z} n=p Z—{ la()|= }

|o¢(2)\—n % |a(2)|—n i

Consider the innermost sum

2 2 ellzp ~B &
2 Wallgra s 2 (G | 2 Wramsllug €y ey gy

la(D) =4 la(D)|=4 [B<a
|o¢(2>\:n7i \a(2)|:n7i
Ui = 2 A 8!
<@ Y. | Do masllFasly | | Do ma2eC
lo() =i B<a . B<a pla—p)!
\a(2 |=n—1
a=B15Maq — B
llip\2 2 ~2 |B| |O‘ B‘
< (CSRFR, - (4C?) ()
RoHy agl ;Y p Blla—pB)!
|o¢(2)|—n i

olli i n—i a—p ’/8“’@_5“
I Y S T wer (Y]
IB<2>\:l |’y(2)|:n7ifl
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We introduce the notation, for p = (p1, p2,...),

M 00
[l<ar = prs Plsar = > o
k=1 k=M+1
Then
Z HUaH%{}(Ti
la(D)|=;
|a(2)|=n—i
. i n—i . . kK+I0N\rqri-krqir—i-t/n—k—1
< Cellzp 2 Ja 2 02 k CQZ k3 2z
< P o3 e e (U0 ) B B (M

k=0 1=0

< (cliry2| P12 <n> <q62 +[g_] ) (qéQ +[Q_] ) i
Py () (0@ear+ [3] ) (0@ar 4 3]

The rest of the proof proceeds identically to the proof in [65], and we obtain the second

term in the RHS of (3.16).

REMARK. Define the (Ritz) projection Hﬁ/[’n : RoHly — Sp ® SM™ as the stochas-
tic finite element approximation operator for the stochastic elliptic problem (3.8). More
precisely, for U € 7_€QH01X, the projection HQJ’”U is the stochastic finite element method’s

solution of the elliptic SPDE (3.8), satisfying
M M
M, M,
(819) (AU 86 (M), 2)) = (AIGD) + ) 8 (Mu(IL"U), 2))
k=1 k=1
for all z € S, ® S™". Due to Lemma 3.2, F := AU + y;,(MU) € RoHJy, and in view
of 3.6, the estimates (3.16) hold with U,"" = TI}""U. This also implies that TI)"" is a

continuous linear map from RQH(%X into itself.

We will also need error estimates in the Lo(D) and H (D) norms.

PROPOSITION 3.8. Under the same assumptions as Theorem 3.6, the error of approxi-

mation of the SFEM has the bounds
M,n m D)
(3.20) \U—-U, HRQH;;C < Cunh +’€||U||RQH;?+1 + C’||FH7€QH)-(1QM,H(R,R)

fork=1,2.
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PROOF. As in the proof of Theorem 3.6,

U-UMP= Y (Ua—Ua)bat Y. Usba=e1+es
a€dMp a€I\In p

with
lellrgmi, < Crnh™(|Ullg,gmer, and
lezllmy, < ClIF gy -1 Qarn(R.R)
We leave the estimate for es untouched. For e;, we consider the two cases.
Case: k=1. Let ¢ € R51H§( be the solution of Ay + M - D¢ = R2e;, with

||1/1||R51H§( < C’||’R261||R51L§( = ||61HRQL§(. Note that, in fact, v € SM" @ H$ also.

Then,

2 2 2
H61||RQL§( = «elaR 61>>RQL§(,R§1L§( = <<61,R el»RQH)—(l,RS;lH)l(
= ((e1, A + M- DW@ZJ»RQH;HR;H)I(

= (Ae1 + 5W(M61)> P — X>>RQH;(17R51H}(

for all x € SM" ® S,. So

2 . 1 —
len)Zg s < IlAer + 0 (Men) iy ot Xesi?£®sh||¢ Xrzray

To estimate the first term, Lemma 3.2 implies that
e + 8y (Men) gt < Clellrgmy,
To estimate the second term, we make use of the FE estimate (3.3), in particular

: 2 1
x;lzIelfSh [® = Xnllmy, <ChI®|pz, VO e Hy N Hoy.

This FE estimate is usually obtained by finding a projection operator Ij, for which || —
I, @] Hi S Ch?||®|| w3 from which the desired estimate follows immediately. But here, we

will show the estimate by constructing a near-infimizing x. Fix € > 0. For each a € Jp,
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there exists yo € Sy such that

[0 = Xallg, < InE [0 = xnlng, + Aa(e) < Chllvall, + ha(o

where we choose ko (€) = €/%r4Rq, with S KL= % Set x = ZaeJMn YXaba € SMM @ Sy,
Then

2
19 =Xl < D 7a” (ChII%IIH; + na(e)) < ORIy +e€
aejM,n
and
= Mgy, < CMYlrgi, < Chlleilgmy,

Hence,
lerl2z < lerlram, ChllYliz: 15z
< Cutnh™ U i, i llen |l 2 -
Case: k = 2. Since e; € SM" H{J, we compute the norm

B Cene) er, o))
lerllramer = S92 o T o ol
d)E'R,Q HOX 'RQ H()X ¢€S ’ ®HOX 'R,Q HOX

For any ¢ € SM" @ Hly, let ¢ € R51H§( be the solution of AY + M - D¢ = ¢, with

|1/1||R51H3 < C||¢||R51H1 . Note that, in fact, ¢ € SM" ® H%. also. Then,
X 0x
(e, 0) = {e1, AY + M- Dy v)) = (Aex + &y, (Mer), ¥ — x)
for all y € SM" @ S}, and by a similar argument in the previous case, we have that
‘<<€1, ¢>>| < ”-Ael + 5W(M6’1)”RQH§1 xeSfiVlflvg@Sh H@Z) - XHR;le&x
< ORlleallpgy 9l

< Cunh™ 2 |U |l g prms 1Dl ez, -

The result follows. OJ

3.3. The parabolic error estimates.
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THEOREM 3.9. Let m > 2 be an even integer. Assume for the input data
NS 'RQH;?+1, fe QQL%H?, fr € QQL%HSQHQ,

P

with weights 72 = T and assume that the appropriate compatibility conditions hold, so

that
u € RoLAHx NRGLAHYT?, wy € RGLAH ' N RGLAHY,
Ut € RbL%H&nia

/

|pa|! are chosen using the conditions (2.15) and (2.17). Also assume,

where the weights pl,? =
for simplicity, that the discretized initial condition is vy, = HhM’nv. Then, for everyt € (0,T],

we have the error estimate for the stochastic finite element solution u;\f’n(t),

(321)  llen®llrgrz, < Carnh™ " (luellrg g s + 1) g g )
+ CQun(RR) (1L = warllgy 12zt + 1) = (8 ey )
where the weights R, 142 = %, satisfy
ellip\2 _ 1 g 1
(3.22) zk:qk)\z (CA p) <3 and Zk:ﬁ’;g <3

ProoOF. Let HhM’” denote the stochastic finite element approximation operator for the

stochastic elliptic problem (3.8). In particular,

M M
(AU + 3 66 (MU), 2)) = (ATI0) + 3 8 (M (TL"0)), 2)
k=1 k=1

for all z € SM"® S}, The error estimates (3.16) also imply that H%n is a continuous linear
map from RQH&X into itself.

Decompose the error into

ent) == up™"(t) —u(t) = (up" (&) = L () + (5" u(t) - u(t))
0
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Analysis for m. For every t € (0,T], we have that Au(t) + &;, (Mu(t)) = f(t) —u(t) €

R H'2 ™' Hence the elliptic estimates (3.16) and lower norm estimates (3.20) imply

M)
I (@®)llrarz = I () = u(®)ll gz

< Crnh™ Mu(®)ll g grmss + ClFE) = ue() g g2 @urn(R,R')

provided (3.22) holds.

Analysis for 6. From the definitions of the numerical and weak solutions,

M
(Be, 2) + (A9 + D 8e, (Myb), 2))
k=1
M
= (£, 2)) = {((""w)y, 2)) = (AT w4 S (M), 2))

k=1

M
= (f.2) — (@ ), 2)) — (Au+D 8¢, (Myu), 2)) % (uy, 2))

k=1

= — ("~ u)r, 2))
for all z € SM" @ ). Choosing z = R?0,

1d
§a\|9||$gQL§(+ Z roAlfa, 0]

a€EIM,n

M
M7
<N = )il g Wy, + S S VAN [l
a€Jnn k=1

= (I) + (1]

where \; are the constants in (2.11).

For (II),

M
(1) = Z ZVak)‘kra”ea—%HH}(TaHGaHH}(

aE Ajﬂlkzl
1/2 1/2

M 2
< (z rawauea_gku@) S el
a€IM,n

k=1 a€JIMn
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2\ 1/2

1/2
< Z Z laf /Ta—EkHQa—ek”H}( HHHRQH}(
a€JIMn
o\ 1/2
1/2
<| X Z,a, \/ 0 o [Bamer 1, 16l 11
a€Jn, k=1

ap#0

where we applied Jensen’s inequality in the last inequality. Continuing,

1/2
M
< |3 S et el | 160kom

k=1 C“6‘71\/I,n

g, #0
Y 1/2

1/2
< (Z A%Qk) HHH%QH}( = [q)\Q] / HHHRQHl

k=1

where [gX2]<p = M A2qi. Then

1d
2dt

Mn 1 1/2
< 0 =l s+ (g0 + W% ) 101,

007 2 + CENONR

where C'9¢"¢ is the coercivity constant in (2.8). By the first condition in (3.22), we can find

€o such that 4 +[q )\2]1</]?/[ — Cere, So

2 M, 2
31 Rqrz < 2€0ll (I, 0 = w)illz s

and

t
Mmn
100 Besa < 1000)]1%, 12 + 260 /0 N = )y (5) 2, s

Due to our assumption on the initial condition, v, = HhM’”v, the term 0(0) vanishes. The
estimate for the second term in the last inequality is similar to the analysis for 7 (t), but
since the norm appears inside a time integral, it suffices to show a bound for a.e. t. Since

Mmn

HhM’" is a continuous linear map from RQH ox into itself, it follows that (H u)y = H;\f’nut.

For a.e. s € (0,T], we have that
Auy(s) + 8y (Mug(s)) = fi(s) — up(s) € RGHY 2.
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Then

M, M,
(3.23) AT = w)i(9) | g = I, e — we(s) g,

< Crtnh™ () ratry + Cllfi(s) = uee($)llgy o1 @urn(R,R)

for a.e. s, and hence
He(t)”%ﬂlg( < C’IZ\/I,nhQ(MJrl)||7VL15H329L2T15{§(1 + CHft - utt”%gleTH)—(lQM,n(Ra Rl)2

for all t € (0,T7.

Putting together the estimates for 0(t) and 7(¢), we obtain

2 2 2(m+1 2 2
len ()3, < CRrnh® ™D (e 1 g + 0@, e )

+ CQuia(R R (1 = el s o + 1) = ()2, 1)

X

The constant C' depends only on R, A, M and the elliptic estimate constant in (3.16). [

REMARKS. If the discrete initial condition vy, is not HhM’nU, additional terms will arise
from approximating the initial error, but those can be subsumed into the two main terms
of the error estimate.

If the boundary is not smooth enough, the use of regularity estimates for the stochastic
adjoint problem in the proof of Proposition 3.8 will no longer hold. In this case, the
application of the lower norm estimate to the term ||(HhM’nu - u)t(s)HRQH; is no longer
valid, but we can nonetheless obtain a convergence rate of O(h™~!) in the first term of
(3.21).

In analogy to the deterministic equation case, the finite element convergence rate of
h™ 1 for the solution u € RoH;HY is optimal. Without invoking the stochastic adjoint
problem, it is easy to obtain a convergence rate of h™! for the solution u € RQH%HS(”,
which is two orders worse than optimal. The gain of two orders is achieved by extracting
some crucial information from the estimates of lower norms, through the application of the
stochastic adjoint problem in the duality technique.

The term Qun(R,R') in the estimate (3.21) is, as usual, the error from truncating
the Wiener chaos expansion up to Ja,. It arises from invoking the error estimates for

the corresponding elliptic problem, and depends on the choice of the weighted space R in
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which to bound the error, as well as on the weights R’ of the forcing term in the sense of the
elliptic problem. Tt also implicitly assumes that R, R’ are related by the condition (3.22).
However, the second inequality in (3.22) is a somewhat strict condition. If we consider the
optimal weights R’ to behave like p}, ~ k_(HE))\,;2 for any € > 0, then the optimal weights

2“)/\,;2 for any € > 0. Thus, the error estimate holds in a

R can behave like g ~ k¢
weighted space that is generally worse than the optimal space that the solution u belongs
to. Additionally, the validity of the first and third term in the RHS of (3.21) requires the
boundedness of uy in the H)_(1 norm. This marks the departure of the SFEM from the

deterministic FEM.

4. The SFEM for SPDE with time-dependent operators

In this section, we extend the results in [44] to allow the noise term, as well as the
operator A, to depend on time. As discussed in the previous chapter, such time-dependent
noise encompasses a variety of equations driven by an abstract noise, such as equations
with space-time white noise, or equations having two independent noise terms, one purely
spatial and the other purely temporal.

Most steps of the analysis for the time-independent noise case carry over to the time-

dependent case, except for the step estimating the norm || (H}]l/[’"u— w) 1, where HhM’n

t”RQH;(

is the elliptic SFEM approximation operator. When the noise is purely spatial (and the

M,?’L 11
h Ut — Uy allows

operators A, My, are independent of time), the equality (H,]ynu —u)y =11
an immediate application of the elliptic error estimates in (3.23). On the other hand, if the

noise depends on time, the elliptic SFEM approximation operator H,]t/[’”(t) also depends on

the time parameter, and by the product rule,
(TR () = T (B)u(t) + T (u(b).

Thus, to complete the error estimates, we need to derive estimates for the time derivative
of the SFEM approximation operator, HQ/‘[” (t).

We assume the operators A(t), My(t) are of the form (3.2), with a%/, a,ij € H%W;?H’OO
for some m > 2. Then a¥, O‘Zj are Lipschitz continuous in time and their time derivatives

aij , (U]ij )¢ exist a.e. Because much of the analysis hinges on studying the corresponding

elliptic problem, which obviously has no time evolution, we emphasize that the operators
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A(t), Mg (t) will also be understood as being parameterized by time t. We define the time-

parameterized operators A(t), My (t) b

ZD xtDu)

u—ZD )e(z,t)Dju).

We recall the constants C'4 and )\,(:) in (2.10), (2.11), and also define C'4 and )'\,(J) to be

the constants in

1wl L2052 (my) < Calllwoll 2oy + I1f Nl 20501 (o))

for the weak solution w of the zero Dirichlet problem % + A(t)w = f with w(0) = wo; and
in
M@l 2oy < A wllgr oy, Yw € H'(D),t € (0,T]

For brevity, we write e = )\(1)

4.1. The stochastic elliptic problem with time parameterized operators. For
fixed ¢ € (0,T], define the operator L(t)U := A(t)U + 8, (M(t)U). We will study the

time-parameterized elliptic problem

LU =F in D
Ulap = 0.

(3.24)

The elliptic SFEM approximation (Ritz) operator HhM’n(t) satisfies

M
(ABU + 8¢ (Mr(HU), 2)) = (AB A" (H)U) + Z S (M (1) (I, (H)U)), 2))

k=1 k=1

for all z € SM" ® S;,, and all t € (0,7]. We have termed H}Af’”(t) the “approximation”
operator because Hﬁ/[’n(t)U produces a finite approximation of U. An alternative take on the
SFEM approximation operator H,]l/[’"(t)U is to consider instead the SFEM solution operator
T, }{W "(t)F, which creates from F' a finite solution of the elliptic problem. We now define
TM™(t).
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For F € QQH;(l, and for the weights R satisfying
(3.25) > @AiCi <1, and Z =<1,
k

define T'(t) : RoHy' — ﬁgH&X to be the solution operator for the equation (3.24). That
is, for each t € (0,7], U = U(t) := T(t)F is the weak solution of (3.24).
Define the SFEM solution operator T,?/[’n(t) : RoHy' — SMn™ @ S), by T,iv‘[’”(t)F =
I, (t)U. Then,
f— M,’I’L _ M,TL
e(t) =11, (t)U —=U =T, (t)F = T(t)F,

and also

The dot " stands for time differentiation, and the derivatives T,ﬁw " (t), T(t) are understood
in the weak sense,
T T
| Foetdr =~ [ Twewa
0 0

for all smooth functions ¢.

From the usual elliptic error estimates (3.16), (3.20), given F € RoHy' and U €
ﬁgH}}H, with R, R satisfying (3.25) with % on the RHS of both inequalities, we have that

[T (0) = T Pl it < Crtnh” Ul s + ClIF gy 1 Qurn(R, R)

for all ¢t € (0,7], and for k = 0,1,2. The following two propositions show that similar
estimates hold for (T, (t) — T(t))F, with k = 0,2.

PROPOSITION 4.1. Assume U(t) € ﬁQH&X N ﬁgH}}H, with the weights 72 = ¢%/|a|!
satisfying (3.25), (3.28), and
(3.26) qu)\k < oo and Zq Hl)) < 0,
k k

Let the weights R : 72 = q%/|al|! satisfy

DN | =

(3.27) qu)\iCi<f and Z
k k

Qz‘@
[\DM—A
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and

(3.28) S g et <,
k

where CXH) is the constant in ||w|| gr+1 < CXH)HA_leHPl.

Then, we have the estimate
[0 = TO) Pl < Cara 1017, g1 + CFl gy @t (R R).
PROOF. From the definitions of T}""(t) and T/(t),
(Lt)e,x) =0, vxeSMngs,

Differentiating both sides w.r.t. ¢,

(Lt)e+ L(t)e, x) =0, VyxeSMg S,

where L(t) = A(t) + 0, (M(t)) is the elliptic operator obtained by differentiating the
coefficients of £ w.r.t. ¢t. Consider

(Let, RQ@t))ygéle;l = Z T§<Aet,o¢ + Z VagMieta—e, et,a>H§1
k

«

>3 02 (czomuet,aui,éx =3 Varndlerace, g, uet,aHHgX>
o

k

SO

Cﬁ“emH@tH%ﬂHOlX < (Le, RPeu) gy + D ravarsllesa-ellm, lecallm,
a  k

= (1) + (1)
For Term (I), for any y € SM" @ Sy,

(I) = (Ley, RPer)) + (Le+ Leg, X)) £ (Le, R%e;)
= ((Les, R2es + X)) + (Le,R%er + X)) — (Le, R%e;))

. . 2
< (ILeilpguz + el gz ) IR Xl

+ (1 Lell gy IR?erll g1 -
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For Term (IT), by Cauchy-Schwartz and Jensen’s inequalities,

2 1/2
(II Z (Zrav )\kHeta EkH ) (Zrinet,anzéx)

1/2
(072 ‘a‘ qa—aka 2H€ H2 ”6 H 1
Ial ap (Jaf — 1)l FITheeklH tlReml,

1/2

IN

1/2
Y ttsmotrt-a el ) ety

Qk>\k> HetH?gQH(}X‘

Combining,

1/2
coeTC _ (Z Qk)\k> ”etH%QH(}X

< (Weerllpguzr + Wellgguzr)  inf  RZer+ xllgz 1y

xeSM:n@S),

+ ||£€HRQH;(1 ||R2€t||7351H)1(‘

Since C{"P = (€)=, and from (3.27), the LHS of the last equation is strictly positive,

and we obtain a valid bound for . From Lemma 3.2, (3.25) and (3.26), we have

2
||et”RQHéX
1exlrgrrr < Clxllmam, and 1£x gyt < Clixlirgum, . for any x € RaHiy. Then

letleqnyy < € (letlmamyy + o, ) it ller =R Xlramy

+ Cllelrgmy Netllrg
In the “inf” term, because any y € SM™® S), has only finite non-zero Wiener chaos modes,

infimizing |le; — R™2x ||RQH)1( over y € SM" @ S} is equivalent, by a simple rescaling, to

infimizing ||e; — )ZHRQH%( over Y € SM™ @ S, Thus, upon dividing through by HetHRQngv

letlorms, <C__ ot llev= Nl
. llet = Xl re a1
+Cllellrgmy, |14+ _inf = ——=
XESM:"@S), ||6tHRQHgX
< Cxesg}f@sh lee = Xllrg a1, + Cllelrgmy,
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since inf, cgmngg, [ler — XHRQH}( < H€t||RQH3X. By translation, we have that
letlrory, < (it IPOF = Xlgorm, + Iellzar, )

Continuing, the estimation of the “inf” term is as follows. An element ¢ = ) d¢aéa

will be decomposed into ¢ = ¢! + ¢+, where ¢f = Y ac Turn Paba- Then,

G TOF ~ Xy
’ h

i [ g ; 1
Sxesg}£®ShII(T(t)F) Xllrgmt + T@F) " lrgm

= (I1I) + (IV)

Note that U(t) = T'(t)F solves the equation L(t)U(t) = —L(t)U(t). Since U(t) € ﬁQH&X,
it follows from Lemma 3.2 that £(t)U (t) € ﬁQH;(l. So (IV) is the error from Wiener chaos

truncation of U, and by the same proof for Term I5 in Theorem 3.6, we have that

(IV) = [T lrgm, < CQMaRRLOU )z, 4

< CQUAR RNV (M)l 1,

< CQM,n(Ra ﬁ)HF”ﬁQH;(l
For (II1), we use the same arguments as the proof of Proposition 3.8 to obtain

: T T (1)
XGSJI\?E@Sh 1U(t) X”RQH}( < ChU®) ||RQH§<+1

< O LBV ()| gy e

< CH U g

The 2nd inequality follows from the boundedness of £~ from 7€QH§(_1 into RgH&H ensured
by (3.28); the 3rd inequality follows from the boundedness of £ from ﬁQHE}H into ﬁQHggl
ensured by (3.26).

Combining (I11),(IV) with the known estimates for HeHRQHéX,

letlra s, < (CH Uz, e + CQUAR RNF gt )

+ (vl U g i + CQUAR R F i< )
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We abuse notation again to write Cps, in place of C(1 4+ Curn). The result follows by
noting that Q. (R, R) < QMW(R,ﬁ). O

PROPOSITION 4.2. Assume, in addition to the conditions in Proposition 4.1, that

(3.29) a0y <
k

N

and qu()'\;;’(:s))g < 0.
k
Then
A M n ; r ~
1T, () = T Fllgg ot < Coanh™ U1z e + ClIF g o2 @un(R, R).

PROOF. From the proof of the HetHRQng estimate, it is clear that the first term with
h" is due to the norm from HestM,n@,HéX, whereas the second term is due to the norm from
||€tL||(SM,n)L® Hi,- As usual, we leave the second term untouched, and consider only the
first term.

We want to estimate HeﬁHRQH;(l. For any ¢ € SMn @ Hly, let o = (t) € SM" @ HY
be the solution of L£*(t)y = ¢.

Since ((Lef, x) = 0 for all y € SM" © S, differentiating w.r.t. ¢ gives that (Lef, x)) +
<<L’e§, X)) = 0. Hence

(el o)) = (e, L) = (Lel, v
= ((Lef + Lef yp + x) — (L, o) = (V) — (V)
for all y € SM" ® §),.

For Term (V),

8 pot i —
(I < L€l + Lefllpg gy nf 110 =Xz,

< C (Iflrqm, + 1€ramyy ) B30

< CM,nhrHHU”ﬁQH;“ ”‘15”7251111;('

For Term (VI), notice that £*¢) € R&lH}(, SO

(VD) = (€, LUNrar | = [(eF, L) g
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< HejoRQH;(lHﬁ*w”RalH;( < C‘|€ﬁ||RQH§1H¢HR51H§(

< CM,nhHQHU”ﬁQHg;rl ”d)H’RalH}l('

The penultimate inequality holds due to the second inequality in (3.29).

Combining,

||€§ HRH;(l _ sup ‘«65, (b»’

< Oy U |5 et
¢€SAL7L®H(%X H¢HR§1H)1( " RQH;

4.2. The parabolic problem with time-dependent operators. We are now in

the position to prove the parabolic estimates.

THEOREM 4.3. Let u € R LAHly N RbLZTH&”H be the solution to the stochastic par-
abolic equation, and assume that the conditions in Theorem 3.9 hold. For the weights R,

assume that (3.27) and (3.29) hold, where R : 72 = §*/|a|! satisfies (3.26) and
q 1
U
P02
Then we have the estimates
M,n
Huh - uHRQLQX
< Carh™ (I lrgrz g + il grz g2+ IWllzg g+ )

X

+ CQun(R R (L = il 1z gt + e = wttlly 12 o + 1F(8) = el gyt )-

Proor. We set

en(t) == up " (t) — u(t)

Mmn

= (") = T O @) = w®)) + (T (1) = TO)SR) = ()
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Up to the point of equation (3.23), the proof of Theorem 3.9 is followed identically to

yield estimates for 6, 7. Thus,

I ()llRgrz = T " (#) = TE)(f = u)llrg s,

< CM,nhm+1”u(t)“RQH;+1 + CHf(t) - ut(t)HRng;(lQM,n(RaR/)

and

t
M7
10Oz, < 10000z, +260 [ AL 0= (9 s
. Mmn
To estimate [|(II,"u — u)t(s)HRQH;,

(" — )(1) = LT 0) ~ T — )

= (T (1) = TE)(F(£) — ue(t)) + (T () = TO)(folt) — uae(t))

So from Proposition 4.2,

NI~ ) (0)
< Carah™ 3 £(8) — urD)llrparg + CQuta(R R (1) — (1) ey s

- Cotnh™ | £ult) = w0y g + CQun (RN FE) — e (8) gy

Putting together the estimates for 8(t) = wy " (t) — 1L "u(t) and 7 (t) = 1" " u(t) —u(t),

M?
[y, ™ — U||RQL?X
< Catnh™ 0 (B2 ull gy 1z e + g,z s + 10l )

+ CQun(R, R/)(Hf — ut”RgzLQTH;(l +\fe — uttHRg)L%H;(l + [ f(t) - Ut(t)HR&H*)

X

as desired. OJ

5. Numerical Simulations

We perform numerical simulations in order to test the error estimates (3.21). There are

several aspects of the error estimates that are worth investigation.

(1) The spectral convergence in n, coming from the second term in @ ps,,. This spectral

convergence has been shown in [65] for the corresponding elliptic equation.
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(2) The factor Cps,n. Theorem 3.6 gives an upper bound for Cyy,, = C”(MAJ/}”). How-
ever, a tighter upper bound has been conjectured! that for C M n that is independent
of M, n.

(3) The optimality of the relationship between the convergence order h™*! and the
weighted space RQH}"‘H. How critical is the stochastic weights in the order of

convergence?

5.1. A (Simple) Model Problem. To investigate the above questions, we simulate

the 1D equation

9 = Au+ 8 (Au) + f, for x € (0,7), t € (0,7
w(0,t) = u(m,t) =0, wu(x,0)=0v(x)

(3.30)

where W (x) = 3, up. ()& is a spatial Gaussian white noise on Ly (0, 7). For the CONS in
Ls(0,7), we take

we) =/~

ug(x) = \/Z cos(k — 1).

In the notation of (3.1), A = —Aand M = (M, May,...), where Myu = (u(z)uy()),.
Then the propagator system is

Oua = Augy + Z VagMiug—e,, forxze (0,7),te (0,T]
ot p

U (0,t) = ua(m,t) =0, ug(z,0) =vo(z).

The relevant constants are: C’Zl”p = (1 + CP°"¢) = (1 + 7); the constants )\,(:) in

[Mpgullgs—2 < A,is)|]u\|Hs are

M=/, A0
M=/ 2, A et

IThe author is grateful to Zhongqgiang Zhang for bringing this conjecture to her attention.
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For the numerical simulations, we solve the SPDE on the interval (0, 7) up to final time

T = 0.1. We fabricate the solution of the SPDE, by fixing the solution to be

U(O) (:E, t) =0

This fabricated solution u is rather spatially rough, but this is all the better for demon-
strating some important features of the error estimates. Based on the fabricated solution,
we reverse engineer the input data of the equation; that is, the solution u is obtained with

zero initial conditions and with forcing term

= |O‘" Z k2 sin(kx) |O‘|' Z Z *’fzt—1)(uk(g;)(sin(zx))x)x

' k>1 ' k>1 1>1
ap, #0 ap#0 ap— ékl7é0
For the weighted space RLo(Q; H®) with weights r2 = ¢%/|a|!, and for any s € Ny,

(3.31) |l Rerrs, provided g ~ k~(2s+149),

Indeed,

> el = 3 3 3 b SR st

aceJ n=0 |a|=n k>1

|
Y S R sin e | I 3 1 g2

n=0 k=1 al=n " Jal=n

_ —k%t k n (= n
ZZ )| sin(ka) (|3 (@ = (7 — ar)")
n=0k>1

where ¢ = Y~ qk. Since ¢ — (7 — qx)"™ < ng" 'qx by the mean value theorem,

g2 C
%, HS, <ann IZ k k2s

k>1
Similarly, we find that u; € RQH)S(_Q, and it follows by Lemma 3.2 that f € RQH‘;{Q.
THE WEIGHTS. We consider u(t) belonging to RpL3-H%. For concreteness’ sake, we
take the weights ()% = p®/|a|!, with pp = pk~® and p = 0.5 < >, k=%, Then according
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to Theorem 3.9, we measure the error in the norm RqL3 with weights 72 = ¢%/|a|!, and

qr = k1Y satisfying the two conditions (3.22),

> Gk 0 0P)? <
k>1 k>1

So, we take

q=0.01 < mln{g(z k*Z)—l, L(Z kflo)—l}.
k k

4
CODE SPECIFICATIONS. For the finite element discretization, we implemented the cG(2)
method. The domain (0,7) is partitioned into M + 1 uniform subintervals of length h :=
/(M + 1). The subintervals are labelled I; = [z;_1, ;] for : = 1,... M + 1, where the grid

points are x; = ih for i = 0,... M + 1. The nodal basis ®;(z) = ¢;/2() is given by

Gi—1y2(w) = 11, (2)4h 2 (2; — 2)(x — zi-1)

$i(w) = 11, (2)2h > (z — 21 p0) (2 — 1) + 11, (2)20 2 (2 — 2411 2) (@ — @i41)

fori=1,...,2M +1. The mass, stiffness and noise matrices are symmetric 5-banded sparse
matrices given by M55 = (&, @), and MY/ = (@], ®),), and M{9se = (u, @}, ).

Time stepping is implemented via a 2nd order Runge Kutta method

ut = u" + AtL(u™)

"t = %(u” +u + AtL(u(l))).

We took At/h? = 0.03. Then the maximal order of convergence in each deterministic
equation is k3.

TEST OF ERROR ESTIMATE. The basic error estimate has 3 terms?

N A .
C’( ;—p) hm+1||u||RQH;(n+1 + CQ}\P +CQwth/2,

with m = 2. In the second term, Qn = D kSN41 (M Ca)? + g—: ~ N~ by our choice of
q ~ k.flo'

To investigate the relationship between N and h, in the first term we couple h and N by

_ (N4p) (N

setting h = N7 for p/ chosen in the following way. We estimate (N;rp ) o

2The notation of some parameters has been reshuffled. The finite stochastic subspace is now Jn p.

62



Error (and order of convergence) from finite element approximation

N=4 8 12 16 20
p=2]|1.1609e-11 | 6.0927e-13 | 8.5121e-14 | 2.6567¢-14 | 9.9758¢-15
(4.25) (4.85) (4.05) (4.39)
p=3|7.0086e-13 | 9.4364e-15 | 6.715e-16 | 1.0689¢-16 | 2.3028e-17
(6.21) (6.52) (6.39) (6.88)
p=4 3862014 | 1.4847¢-16 | 4.83866-18 | 4.114e-19 | 5.7714e-20
(8.02) (8.44) (8.57) (8.80)

TABLE 1. Absolute errors (and convergence orders) from the finite element

part under the weights ¢, ~ k!0, (Values are squared of the error norm.)

Error from white noise truncation (fixed p)

N=14 8 12 16 20
p=2]|1.1903¢-10 | 2.6821e-12 | 1.7075e-13 | 1.7931e-14 | 2.7177e-15
p=3|1.1906e-10 | 2.6828¢-12 | 1.708¢-13 | 1.7936e-14 | 2.7185e-15
p=4]1.1906e-10 | 2.6829¢-12 | 1.708¢-13 | 1.7936e-14 | 2.7185e-15
Order (5.47) (6.79) (7.83) (8.46)

TABLE 2. Truncation error (and convergence order) for each fixed p. (Values
are squared of the error norm.)

NP, and match the powers of N in the first two terms, (N;p) ™~ NP~ g N—1/2, So,

we choose p/ = 120 Then, the error estimate reduces to 2 terms

— 2(m+1)

CN~ 2 4 cQth/2,

In this way, we expect the convergence to be order —1/2 in N, and spectral in p.

2p+1

2(m+1)
and N = 4,8,12,16,20. Clearly, the mesh size h varies with both N and p.

ERROR RESULTS. We set h = 2N where p/ = with m = 2. We vary p = 2,3,4

For the fabricated solution, it is fairly straightforward to compute the exact truncation
error from the stochastic truncation. Thus, we focus our results mostly on the finite element
error from the Jy, part.

The tables 1 and 2 show the errors from the finite element approximation of the modes in
Jn,p and from the truncation of the white noise to /N dimensions, up to polynomial order p.
The truncation error for fixed p is the error from the terms > ag¢sy, 72[|ta Hig( . The weights
were taken to be g, ~ k719, Notice that in some cases, both ‘glr?())rs are comparable, while
other times the finite element error is insignificant compared to the truncation error. For the

error from the Jy, part, the orders of convergence is much higher than the O(N -1/ 2) that

we tried to match. The order is approximately 5/2,7/2 and 9/2 for p = 2, 3, 4 respectively,
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Approximate order of covergence in N

p=3

Order of convergence

p=2

4 1 1 1 1 1 1 1 1 1 I I I I
1 2 3 4 5 6 7 8 9 _ 10 11 12 13 14 15
s (power decay of qk~k %)

FIGURE 1. Order of convergence (in NN) for the Jy, part, as the power
decay of the weights g ~ k™ varies. (Orders are computed for the square
of the error norm.)

which is exactly NP higher than expected. This over-correction calls into question whether
the term (N;“p) ~ NP is indeed present in the error estimate. Calculating backwards, we
might conjecture the term N7h™*! with 7 = 0 instead. This conjecture warrants further
investigation. Additionally, we note that the order of convergence in the truncation of white
noise is order N~ instead of N~!. This is due to the fact that we are estimating the error
in the RQL%( norm, with the weights required for u to possess higher spatial regularity,
RoH ;3(, and which are worse than the weights required for u to be merely L§( in space.
Next, we investigate the relationship between the stochastic weights and the order of
convergence in the Jy, part. For the stochastic weights R() characterized by the decay
qr ~ k=%, (3.31) relates the power s to the spatial regularity in H* of the solution in
RS ey f(/, and hence also to the convergence order h*!. Figure 1 shows the approximate
order of convergence in N as the power s varies, also with the coupling h = 2N = for p/
found above. Two features are observed. First, the order of convergence is higher for p = 3

than for p = 2, possibly an artifact of the over-correction by the (N ;rp )

term. Second, for
s < 8, the order of convergence is almost linear with slope ~ 1, whereas for s 2 10, the
order of convergence plateaus off. The plateau is due to the convergence order being limited
by the A% from the cG(2) implementation. In view of (3.31), the linear portion of the graph

corroborates qualitatively the trade-off between the stochastic weights on the one hand, and

the spatial smoothness and order of convergence on the other.
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In conclusion, we have seen qualitatively that the finite element order of convergence
does depend on the spatial smoothness of the stochastically weighted solution, but further

N+p) factor.

work remains to be done to investigate (the absence of) the ( »
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CHAPTER 4

Unbiased perturbations of the Navier-Stokes equations

Stochastic perturbations of the Navier-Stokes equation have received much attention
over the past few decades. Among the early studies of the stochastic Navier-Stokes equa-
tions are those by Bensoussan and Temam [6], Foias et al. [17-19], Flandoli [15,16], etc.
Traditionally, the types of perturbations that were proposed includes stochastic forcing by a
noise term such as a Gaussian random field or a cylindrical Wiener process, and are broadly
accepted as a natural way to incorporate stochastic effects into the system. The stochastic
Navier-Stokes equation is underpinned by a familiar physical basis, because it can be derived
from Newton’s Second Law via the the fluid flow map, using a particular assumption on the
stochasticity of the governing SODE of the flow map, known as the Kraichnan turbulence.
(See [53,54] and the references therein.) However, due to the nonlinearity in the equations,
the stochastic Navier-Stokes equation leads to a biased perturbation; that is, the mean
solution of the stochastic equation does not coincide with the solution of the unperturbed
equation. In fact, the mean solution and unperturbed solution can differ quite drastically,
an observation that is also true for other nonlinear equations such as the stochastic Burgers
equation.

To derive a model for an unbiased perturbation of the Navier-Stokes equation, the
nonlinear term must be modified. In [55], a quantized stochastic Navier-Stokes equation
has been proposed as an unbiased perturbation. The quantized equation replaces the usual
product in the nonlinear term with the Wick product, thereby turning the nonlinear term
into a stochastic convolution. The replacement with the Wick product preserves the mean
because of the identity

E[u o v] = EuREv.

Thus, this perturbation is unbiased in the sense that the mean Eu of the solution satisfies

the unperturbed Navier-Stokes equation.
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Apart from the interpretation of being an unbiased perturbation, the quantized sto-
chastic Navier-Stokes equation also has a physical derivation based on Newton’s Second
Law. This derivation likewise representation of the fluid flow map, but differs from the
aforementioned derivation by the stochasticity assumption in the governing equation of the

fluid flow map. In the quantized case, it can be shown that the flow map ®(¢,z) satisfies

de(t)
= =t 0(1))

for smooth functions u, where the function u°® is the Wick version of u. However, we will
not delve into the study of the fluid flow map here.
Thus, we will consider the quantized stochastic Navier-Stokes equation on an open

bounded domain D € R? d = 2,3, driven by purely spatial noise,

U + Ul o uy, + VP = vAu+ f(t,x) + (0°(t, 2)ug, + VP9 + g(t,2)) o W(2),
(4.1) divu = 0,

u(0,z) =w(x), ulgp =0.

where the diffusivity constant is v > 0, and the functions f, g, o are given deterministic R%-
valued functions. Here, the driving noise W (z) = 3, w(2)& is a stationary Gaussian white
noise on Lo(D), and we assume that sup; |[iy]|p~ < oo. Since we restrict the forcing term
to be a stationary noise, it is natural to study the related steady solution of the stationary

Navier-Stokes equation,

' oy, + VP! =vAu+ f(z) + (6°(2)ty, + VPI(z) + g()) © W (z)
(4.2) diva=0

ulop = 0.

where f(z),g(x),&(x) are given deterministic R%valued functions.

The analysis of the quantized Navier-Stokes equation relies on studying the propagator
system. The propagator system is a lower triangular system, thus the analysis is amenable
to the same induction procedure used in the earlier chapters. As a side note, we remark
that in comparison, the usual stochastic Navier-Stokes equation has a propagator system
that is a full system of equations which, comparatively, are a much tougher beast to tackle

using the Wiener chaos expansion. Additionally, apart from the zero-th chaos mode which,
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being the mean, solves the deterministic Navier-Stokes equation, all higher modes in the
propagator system solves a linearized Stokes equation. Thus, where a result is known for
the deterministic Navier-Stokes equation, it is sometimes the case that an analogous result
may be shown for the quantized equation. For instance, the existence of a unique stationary
solution of (4.2) requires the same condition on the largeness of the viscosity v as does the
existence of a unique steady solution of the deterministic equation (4.8a).

There is substantial theory on the steady solutions of the deterministic Stokes and
Navier-Stokes equations, the long time convergence of a time-dependent solution to the
steady solution, as well as other dynamical behaviour of the solution. In the subsequent
sections, we begin to study some of these same questions for the quantized Navier-Stokes
equation, focusing on the large viscosity case where the uniqueness of steady solutions and
long time convergence has been established in the deterministic setting. We will study the
existence of a unique stationary solution of (4.2) as well as the existence of a unique time-
dependent solution of (4.1) on a finite time interval. The Wiener chaos expansion and the
propagator system will be the central tool in obtaining a generalized solution, but to place
the solution in a Kondratiev space involves a useful result invoking the Catalan numbers.
The Catalan numbers arises naturally from the convolution of the Wiener chaos modes in
the nonlinear term. It was used to study the Wick version of the Burgers equation [34].
The long time convergence of a time-dependent solution to a steady state solution is also
presented, though the theory here is not complete—the convergence in the generalized
sense and in a Kondratiev space are shown separately with differing sets of assumptions.

Continuing work is done to reconcile the disparity.
1. Functional analysis framework
To study equations (4.1) and (4.2), we adopt the variational /weak formulation in [59,
60]. Denote the following spaces
V:={veC(D)": :dive =0}
V := closure of V in the H}(D) norm = {u € H}(D) : divu = 0}
H := closure of V in the L?(D) norm | - |

V'’ := dual space of V w.r.t. inner product in H
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Also denote the norms in V and V' by ||w|ly = [Vw| and || f||y+, respectively.
The operator! —A on H, defined on the domain dom(—A), is symmetric positive definite
and thus defines a norm via |Aw|, which is equivalent to the norm ||w| 2. For m € R,

define the norms |w|,, = |(—=A)™2w| on the closed subspace
Vi := dom((—A)™?) = {v € H™ : divv = 0}
The norms |w|y, and ||w| g~ are equivalent. We have a constant ¢; so that
erll- I < fwlt < -

Note that |w|; = ||w||y. Denote A\; > 0 to be the smallest eigenvalue of —A, then we have

a Poincare inequality,
(4.3) Mv)? < |vl3, forveV.

Define the trilinear continuous form b on V' x V x V by

b(u,v,w) = / ukﬁxkvjwjdm,
D
and the mapping B:V x V — V' by
(B(u,v),w) = b(u,v,w).
It is easy to check that
b(u,v,w) = —b(u,w,v), and b(u,v,v)=0

for all u,v,w € V. B and b have many useful properties that follow from the following

lemma.

LeEMMA 1.1 (Lemma 2.1 in [59]). The form b is defined and is trilinear continuous on

H™ x g™+« g™ where m; > 0 and

(44) m1+m2+m32% mel#galzla2733
m1+m2+m3>% z'fmi:%, some i.
1Technically, the correct operator is Au := —PAuwu, where P is the orthogonal projection onto H. We abuse

notation here and continue writing —A.
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In view of Lemma 1.1, let ¢, be the constant in
’b(ua v, w)| < Cb|u|m1 |U|m2+1‘w|m3

where m; satisfies (4.4). Also let ¢4, d = 2,3, be the constants in

1/2 1/2 .
1b(u, v, w)| < ealulY2 /vl %) Ao w| if d =2

[bw, v, w)| < esllully o]/ * [ Av] /2wl iftd=3

for all w € V, v € dom(—A), and w € H (equations (2.31-32) in [59]). Other useful
consequences of Lemma 1.1 is that B(-,) is a bilinear continuous operator from V x H? —
L?, and also from H? x V — L.

In order to define the weak solution of (4.1), we recall that for a smooth function p,
(Vp,v) = 0 for all v € V. This leads us to define the weak solution by taking the test

function space V, so that the pressure term drops out.

DEFINITION 1.2. A generalized weak solution of (4.1) is a generalized random element

u € D'(L*(0,T; HY(D))) such that
(4.5)  (ug +u' oug,, o) = (vAu+ f(t,x) + (Ui(t, x)ugz, + VP + g(t, x)) o W(x), o)

for all test functions ¢ € D(V).

THE PRESSURE TERMS. The pressure terms P/, P9 are determined from the velocity
field u. The term PY is defined so that the white noise multiplies a divergence-free term.

Specifically, define P9 to be the solution of

(4.6) —APY =l of +divg,

T~ Ty

and set 5 := VP9 + uxkak + ¢g. Clearly, div 8 = 0 as desired. Then, from the equation, P/
solves

_APT = ug% ou’;j —div f — BO(VW(HU))-

Using the Wiener chaos expansion, we will study equations (4.1) and (4.2) through

the analysis of the propagator system of the QsNS equations. The technique is similar to

70



Chapter 3. We recall from (2.6) that
(u' 0 Oy, 1) = Z ,/(3) (s V)Uq—ry-
0<y<a

Applying the above formula, we obtain the propagator system of (4.1),

Orug + B(up, up) = vAug + f
(4.7&) diV U(O) = 0 ’

u(y(0,z) = w(z), ualop =0.

Dtta + B(ua, u(o)) + B(u(o): Ua) + 2ocr<a (:) B(try, U —~)
(4.7D) = vAug + Y a(z) (0 0z, ta—o + VP, + 1a=q9)
divu, =0

Ua(0,2) =0, uqlogp =0
with equality holding in V’. Similarly, the propagator system of (4.2) is

B(ﬂo,ﬂo) = vAug + f

(48&) )
div UGy = 0, ﬂ(o)‘(’)D =0
B(ta, (o)) + B((0), Ga) + Pgcyca 1/ () Bty Ga—r)
(4.8b) = vAuq + > o () (6°0z,ta—e, + VP, + Ga—e,)

divig =0, Ualop =0
with equality holding in V.
The zeroth mode u(y) = Eu is the mean of (4.1) and solves the the unperturbed Navier-
Stokes equations (4.7a).

2. Stationary QSNS

Given deterministic functions f,g,& € La(D), we seek a weak/variational solution u €

D'(V) (generalized random element with values in V') satisfying
(4.9) — V(AT @) + (T 0 Oy, ) = (f @) + (603 + VP! +g) o W(), 9))

for all test random elements ¢ € D(V).
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We will first show the existence and uniqueness of a generalized strong solution.

PROPOSITION 2.1. Assume the dimension d = 2,3. Assume f,§,6 are deterministic

functions satisfying

(A0) f.9,0 € H,
(A1) v? > ol fllve,
(A2) ge H' (D), &ewWh=(D).

Then there exists a unique generalized strong solution w € D'(H*(D)NV) of (4.2).

REMARK. It is interesting to note that condition (A1) in Proposition 2.1, that ensures
the existence of a generalized strong solution, is the same condition that ensure the unique-
ness of the strong solution of the deterministic Navier-Stokes equation. Thus, Proposition
2.1 generalizes the analogous result in the deterministic Navier-Stokes theory, which is the

special subcase when g =& = 0.

PROOF.
Solution for o = (0). The equation for g is the deterministic stationary Navier-Stokes
equation, for which the existence and uniqueness of weak solutions is well-known [59, 60].

From (A1), there exists a unique weak solution uy € V of (4.8a) satisfying
_ 1. - v
(4.10) laollv < 21 < 2.
v cp

Moreover, since f € Ly(D), then g € dom(—A), with

2
Ca

1/5)\?/2

2 .
|Atp| < =[f] + |fP°.
1%

THE BILINEAR FORM ag(+, ). Define the bilinear continuous form ag on V' x V by
(4.11) ao(u,v) = v(Vu, Vo) + b(u, tg, v) + b(tg, u,v)

where ug(z) is the solution of the stationary (deterministic) Navier-Stokes equation (4.8a)

just found. Also define the mapping Ag : V — V', by

(Ao(u),v) = ap(u,v), forallve V.
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Then (4.8b) can be written as

Ao(ia) == 32 \J(0) Bl tas) + 3 VA (@) (00,0 + VB, + Lazq)

0<y<a l
for |a| > 1.
To obtain the existence and uniqueness of u,, we intend to apply the Lax-Milgram

lemma to the bilinear form ag(+,-). To do this, we first check the coercivity of ag(-,-) on V.

LEMMA 2.2. Assume (A1), and assume ug solves (4.8a) with f € V'. Then ag(-,")
defined in (4.11) is coercive and bounded on V.

PRrROOF. Indeed, for any v € V,

ao(v,v) = v|Vu|* + b(v, dg, v) + b(g, v, v)
> v|Vol? = eplaollvlv]f
= (v —alaolv)lvl} = Bllvl¥,
where (3 := v — ¢||tp||yy > 0 by (4.10). Next, ag(-,-) is bounded, because
|@o (v, w)| < vl|vllv[lwllv + [b(v, to, w)| + |b(t0, v, w)]
< (v + epllaollv) lvllv[lwlyv

for any v,w € V. O

We continue with the proof of Proposition 2.1.
Solutions for a = ¢. Equation (4.8b) in variational form reduces to finding @, € V such

that
ao (e, v) = (w (5@,,31.110 + VP +3), v) =: (Ge,v)
for all v € V. To apply the Lax-Milgram lemma to (4.8b), we check that the forcing term
Ge, = w(6"0y,10 + VP + )

belongs to V. In fact, we have that G, belongs to L?(D). Indeed, due to assumption (A2),

|60, 10| < |||z ||Gollv, and from (4.6) we have || P{|g= < C([IG/lwrollTollv + [1glla).
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So, from (4.10),

Gal < Clhullz (w1 llv + gl )
v _ _
< Cllwleos (ol + il )
By the Lax-Milgram lemma, there exists a unique variational solution #., € V' with the

estimate

_ 1 v, _ _
ol < Cllallz (o lwrn + 19l )-
B Ch

Additionally, by a standard technique in [60], there exists P/ € L2(D) such that (4.8b)
holds in V.

Next, observe that by the continuity property B : V x H? — L2,
—vAie, = Ge, — B(ie,, %) — B(io, t,) € L*(D)
Hence, @, € dom(—A), and we have the estimate
_ 1 - -
] < —(1Ga] + B, @) + B, i)l
1
< = (1Gal + 26 At |17 )

2¢p

Csup; ||w|lpe rv, _ _ _
< S B (Lo Ll ) (1 4+ 0] )

vB
=K

and K = K(v, f,g,5) does not depend on .

Solutions for || > 2. Denote
Go =Y oqw(o'Op,tia—o +VPI_,),
l
Foi=— Y /(3 Bl ta—)
0<y<a
We first find @, € V such that

ao(te,,v) = (Fo + Go,v)

forallv e V.
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We prove by induction. Assume we have shown the existence of a unique solution
U, € dom(—A) for all |y| <n — 1. By a similar argument as above, we have G, € L?(D)
with
|Gl <O Vaillwllz< [l |Eaqllv < oo
!

Also, since B(-,-) is a bilinear continuous from H? x H? — L?, we deduce that F,, € L?*(D)
with

[Fal < ey Y 1/ (3) 1AG]|Ata—y| < o0

0<y<a

Applying the Lax-Milgram lemma, there exists a unique solution @, € V with the

estimates

(IGal + [Fal)-
Finally, since
~VAty = Fo + Gy — B(tia, o) — B(to, ) € L*(D),
we deduce that u, € dom(—A), with

|Alla| < = ([Fal +|Gal + [B(ta, to)| + | B(to, Ua)])

< = (|Fal + |Gal + 2c|tallv | Ati])

<

R[—= R [= =

2
(1Fal +1Gal) (1 -+ ' 1A0]) < oo

Hence, we have found a solution w € D'(H?*(D) N V). O
Next, we find the appropriate Kondratiev space to which the solution u belongs. As
described previously, the estimation of the Kondratiev norm makes use of the recursion
properties of the Catalan numbers. The details of how the Catalan number rescaling is
used in our estimates is put off until Section 6, though in the proofs presented before that

section, we will apply the results from there.

PROPOSITION 2.3. Assume (A0-2) hold. Then there exists qo > 2, depending on v, f,

g, & such that u belongs to the Kondratiev space S_1 _,(H?(D)NV), for ¢ > qo.

PROOF. For |a| > 1, we have found in the proof of Proposition 2.1 estimates for |Ayg|,

|Ad,| < K
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N Ady| A L
7’Aua| < BO - - + 10#0 ]-a #07||Uafq||v
Va! O;a VAt V(o =A)! Zl: (=)
where By depends on v, f,5. Let L, = 1+ |Ad,|, and L, = \/%\AECJ for |a| > 2. Then
the rest of the proof follows in a similar way to the proof of Lemma 3 in [55]:
Lo < By Y La Ly
0<v<a

and by the Catalan numbers method in Appendix 6,

|

(4.12) At |? < a!C|2a_1< )(21\1)&33('“'—”}(2'&'

(0}

for |a| > 1, and the result holds with ¢ satisfying

(4.13) BiK?2>70 Yy "l =1,

i=1

3. The time-dependent QSNS (4.1)

In this section, we consider for simplicity equation (4.1) with o(t,2) = 0 and, wlog,
P9 =0 and divg = 0. We will consider the time-dependent solution wu(t) of (4.1) on a finite
time interval [0, 7] if d = 2,3, and also study its uniform boundedness on [0, c0) for d = 2.
The former result allows an arbitrarily large time interval, thereby ensuring a global-in-time
solution. On the other hand, the latter result will become useful for showing the long-time
convergence of the solution to a steady state solution.

For any T' < oo, it is known that a strong solution ug(¢) of the deterministic Navier-
Stokes equation (4.7a) exists on the finite interval [0, 7] if d = 2, and exists on [0, (T'A T7)]
for a specific 71 = T1(uo(0)) depending on ug(0) if d = 3. Without further conditions, we
have the following result for a generalized strong solution of the quantized Navier-Stokes

equation.

LEMMA 3.1. Ford=2,3,letT < oo ifd=2, or T <Ty if d = 3. Assume the forcing

terms f,g and initial condition u(0) are deterministic functions satisfying

(A0") f,g€ L*0,T; H), u(0) € V.
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Then there exists a unique generalized strong solution u(t) € D'(H*(D)NV) for a.e. t €
[0,T]. Moreover, us € C([0,T],V) for all c.

ProoF. For o = (0), it is well-known that (4.7a) has a unique solution ug, and
ug € L*([0,T]; dom(=A)), ug € C([0,T}; V).

THE BILINEAR FORM ag(t). For t € [0,T7], define the bilinear continuous form ag(t) on

V xV by
CLO(U, v; t) = I/(V’U,, V’U) + b(ua U[)(t), ’U) + b(u()(t)7 u, ’U)

where ug(t, ) is the solution of the time-dependent (deterministic) Navier-Stokes equations

given in (4.7a) just found. Also define the mapping Ao(t) : V — V', for ¢ € [0,T], by
(Ao(t)u,v) = ap(u,v;t), forallveV.

Then (4.7b) can be written as
Opug + Ap(t)ug + Z 7/ (3‘) B(ty, ta—) = Z Voqu () (Uiaxiua_q + VPag_El + 1a:€lg)
0<y<a l

This is a linearized Stokes equation of the form

U +Ay(t)U = F
Ulop =0, U(0)=w

Since ug € L*([0,T];dom(—A)), it can be shown by standard compactness techniques
that if F € L?(0,7;H) and w € V, then there exists a unique strong solution U €
L?(0,T;dom(—A)) with

U e L*0,T;dom(-A)), U; € L*(0,T;H), and U € C(0,T;V)

We prove the lemma by induction. For |a| > 1, assume that u, € L*([0,T]; dom(—A))
for all v < a. We check for the RHS of (4.7b),

- Z \/@B(u%ua—’y)"i_la:qulg €L2([0,T];H)

0<y<a

7



This follows from (A0’) and the fact that |B(uy, ua—y)| < cp|Auy| [Auqg—y|. It follows from

linear theory that there exists a unique solution wu,, of (4.7b) with
uq € L*([0,T];dom(—A)),  Owuq € L*([0,T]; H), and uq € C([0,T]; V).

U
REMARK. If o # 0, then in addition to (A0'), we must require g € L?(0,T; H'(D)) and

o € L*(0,T; Wh*(D)). (Compare with (A2).)
Next, we study |lu(t)|_1 42 on a finite interval [0,7] as well as the uniform bound-
edness of ||u(t)||—1,—q;v for all time ¢ € [0, 00). We recall the following established result on

the uniform bounds of ug in the V and H?(D) norms.

LEMMA 3.2. (Lemma 11.1 in [59]; see also [24]) Assume for the initial condition that

uo(0,-) € V, and assume

[ is continuous and bounded from [0,00) into H

[ is continuous and bounded from [0,00) into V'

Let ug(t) be the strong solution of the deterministic Navier-Stokes equations (4.7a), defined
on [0,00) if d =2, or on [0,T1] if d =3. Then

(4.14a) sup fJuo(®)llv < c([luoy (0, )llv, v, f, D).
(4.14b) Sup | Aug(t)] < ¢ (7, lu)(0,)[[v, v, f, D).
for any T > 0.

PROPOSITION 3.3. (i) For d = 2,3, let [0,T] be a finite subinterval of [0,00) if d = 2,
or of [0,T1(up(0))] if d = 3. Assume (A0') and assume

(A1) v > 4o

where ¢ = ¢ (||u(0, )|y, v, f, D) in (4.14a).

Then there exists some q, > 2 depending on v,c, ¢, and T, such that for ¢ > q,

w € S_1_q( L*(0,T; dom(—A))) N S_1_o(L=(0,T;V)).
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(ii) For d = 2, assume the hypothesis of Lemma 3.2, and assume g is bounded from

[0,00) into H. Also assume

27 4 14
(A1) V> iibc
1

where ¢ = ¢ (||u(0,)||v,v, f, D) in (4.14a).
Then there exists qgo > 2 depending on v, ¢ and ¢y, such that for q > qa,

sup [[u(t) | -1 v < oo.
t>0

PRrOOF. (i) For @ = (0), (4.14a) and the usual deterministic theory implies that ug €
L?(0,T;dom(—A)) N L>¥(0,T;V).

For |a] =1, a = ¢, choose in (4.7b) the test function v = (—A)u,,

1d
5%””61”%/ + V‘Auﬂ‘z < |b(u€zau07Auez)’ + |b(u07uﬁzaAu€l)| + ‘<ulga Auq)’
< 2¢p|uol|v|Aug|* + gl |Aue,|
v 1
< (2a¢' + 5) |Aug, | + g\uzglz
So
2 T 2 1 r 2
sup Huq(t)||v+(l/—4cbc')/ |Aug 2t < / g 2dt
0<t<T 0 v Jo
By (A1"),

1/2

T
L = wpnmﬁwv+(A|Awfﬂ)

0<t<T

1 1 T :UQ
< — (14 — 24t < K
VA% < Vv —401,0’) (/o ug] ) =0

where K7 does not depend on [.
For |a] > 2,

Ld

2dt

< |b(uas uo, Aug)| + |b(uo, ta, Aug)| + Z ,/(f:) b(trys Ua—ry, Aig)|

0<y<a

< 2p|uollv[Aual® + Y 1/ (5) evlluylv|Aua—r| |Aual
0<y<a

luall¥ + v]Auq[?
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So

1 T
— sup ||ua(t)||%/ + (v — ZCbC')/ \Aua|2dt
0

2 o<i<T
@ ! vz ot 1/2

<o 3 O ([ lliduasfar) ™ ([ 18uaPar)

0<y<a 0 0

2

; g 1/2 T

<o | VO (] helfsupa)”) <5 [ Ak
0<y<a

i~ T 1/2
and for Ly, := supg<,er [[uy(B)]lv + ( fo 1Aus[2dt)"?,

T
sup |lua(H)||F + (v — 4Cbc')/ | Aug |*dt
0<t<T 0

2
c? - T 1/2
<% MZQN/(A,)(OgggTr\w(t)uv)( JRETE
) 2
<20 ) Lakay

Hence,

Let L, = -=L,. Then

al

La<Bi1 Y LyLa
0<y<a

where B; depends on v and ¢’. By the Catalan numbers method as discussion in Appendix

6,

o -1
||ua|Loo(o,T;v>+||AuauLz<o,T;H)sMCQH(Q’ BIKY

and the statement of the Proposition holds with ¢; satisfying

o0
BYKp2o 0y it =1,
i=1

(ii) We now show the uniform boundedness of each mode u, for all t > 0. For oo = (0),

this is shown in the estimates of (4.14a). For |a| = 1, a = ¢, choose in (4.7b) the test
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function v = (—A)u,

1d

2dt Huel HV + V|Au€z|2 < |b(u6w o, Auﬁz)’ + |b(u0’ UEMAUGLN + |<ulga Au€z>’

1/2
< 26 Juo|v ey 13| Ay P72 + ] | A |

1 1/2 2
< S18uq | + o= (2eplluollv g I *| Aug 2 + ug])

€ 2 2CbHUOHV 1 2
< SJAug [P+ ZEEOY gy [ Aug | + g

IN

23¢H|uo| 3 1
(E)’Au61’2 + %Huq H%/ + g’ulg|2

Taking ¢ = 4,
2 2'g 2
Huqllv + vl Auq* < = luoll¥ lue i + - IUlgl
and from (4.3) and (4.14a),

274/4 4
(25 — o) e 3+ g

d
e
2 4 2
< —Blluall + g

where 3 := — (27Cbc — y)\l) > 0 by (A1l’). By Gronwall’s inequality,

3

T
4 BT 4 _
DI < [ ShwglPe s < ol e g (1= )

for any T' > 0. Also,

4
ol L O3 + ﬁ\uzg(t)\Q-
It follows that
L = sup ([lue, v + [Aug (B)]) < Ko,
t>

for all [, where the constant K5 is independent of [ and ¢.

For |a| > 2, let Ly := —= sup;sq(|[ua(t)|lv + [Aua(t)|. Then

Va!
1d ,
S g+ vl
< ‘b(uaaUOaAua)‘ + |b(u03uaaAua)| + Z A/ (:) |b(u'yaua7'y7Auoz)|

0<y<a
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< 26y uollyv fualy | Aual® + 37 /(%) collusllv |Ata—s| [Aug.

0<y<a
By similar computations,
1d
o selluall? + vl Auqf?
. 2
27ct 4¢?
< 2 ol ually + 52 {32 ) sl 1A

0<y<a

2702L 4cb P
< 7IIUO||vHua||v + > /(0) (suplluy(s)llv ) ( sup|Aug—r(s)]
v s>0 s>0

0<y<a

and so

d 4¢?
ltall}y < —Blluall} + =2 | 3" ValL,La—y

0<y<a

By Gronwall’s inequality and triangle inequality,

2
4
JualT) I < 22 S ValLy Lo e BT | d

v
0 0<y<a

< 455 S° VolLyLa /0 ) e-ﬁ<T—s>ds)” i

0<v<a
SO
1
ﬁSUP”ua( v < Z LyLo—y
Q> T20 0<’y<a
We have also,
7.4 4 :
20ckd Ac?
Bua(®) < ZE Jua @I} + -2 | 32 VallyLa-y
0<y<a

for any ¢ > 0.

Hence, it follows that

La < B2 Z L'yLa—W

0<y<a
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where By depends on v, ¢ and ¢, but is independent of ¢.

By the Catalan method in Appendix 6,
« -1
sup (Jua (0l + 120 < Vaic - (1) B Rl
for |a| > 1, and the statement of the Proposition holds with g2 satisfying

o0
B3K32°72 Y il =1,
=1

4. Long time convergence to the stationary solution

In this section, we study the solutions u(t,z) of (4.1) and u(x) of (4.2) with o(t,z) =
o(r) = 0, and for simplicity consider the case with f(t,x) = f(z) and g(t,7) = g(z).
We study the convergence of u(t,z) to the stationary solution u(x) as t — oo, first in a
weak sense (in a generalized space D'(H)) with some exponential rate of convergence in
each mode, then in a strong sense (in some Kondratiev space S_; _,(H)) using a compact
embedding argument. The latter proof, unfortunately, is does not provide a rate of conver-
gence. For time-dependent f, g, similar results can be obtained under suitable assumptions,

but the exponential convergence of each mode is not guaranteed.

Let z(t) := u(t) — u. The propagator system for z is

(415&) Zo0,t + B(UO, UO) — B(ao, ’L_Lo) = vAz

(4.15b) Zat + Ao(t;ue) — — > /() (Bluy,ua—y) = Bliy, o))

0<y<a

with 24(0,2) = ua(0,2) — ta(x), z|lop = 0 and div z, = 0, for all a.

PROPOSITION 4.1. Let d = 2. Assume (A0), (A('), (A1), and assume

A
(A3) ”(c;) > 217+ - 3/2|f!3

where ¢, cy are specific constants depending only on D.
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Then the solution u(t) of (4.1) converges in D'(H) to the solution @ of (4.2),

D'(H
u(t) 2D a, as t — oo.

REMARK. In the following proof, all computations follow through even when d = 3. So,
a similar statement to Proposition 4.1 can be made for d = 3, provided a strong solution
u(t) exists in D'(H? NV) for all t > 0, and the zero-th mode wug(t) satisfies the energy
inequality [59]
5 7 luo(®)* + vluo @)} < (F,uo(t)).-
REMARK. If f(t,x) and g(t,z) depend on time, then an additional condition for the

proposition to hold is that f(t), g(t) converge to f,g in H.

PrOOF. For o« = (0), the convergence for the deterministic Navier-Stokes equation is
well-known: if ug(t) is any weak solution of (4.7a) with initial condition uo(0) € H, then

ug(t) — (o) in H as t — oo, provided (A3) holds. Moreover, |2o(t)| decays exponentially,
(4.16) |20(t)] < [20(0)] ™™,

where 7 1= vA; — %|Aﬂo|4/3 > 0. (See e.g., Theorem 10.2 in [59]; the positivity of ©
follows from the fact that |Aug| can be majorized by the RHS of (A3).)

For a = ¢, choosing the test function v = z, in the weak formulation of (4.15b),

§£|Zq| + v|2e Iy
< |b(zezva072q)| + |b(zq,20,2q)| + |b(207aqazq)| + |b(ﬂq,zg,zq)|

< eplltiollv ll2¢ |3 + collzollos |2e, | 126, v + 26| Adig, | |20 [[2¢, v
_ 2 Cz% 2 2 2 261% 2112
< eoliollvllza i} + 22120l Ee e ? + ellze I + =22 A o)

where we have used the e-inequality in the last line with any 0 < € < /3. So,

1d - 2
sl + (B )zl < 2
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. : : : : B
Using the Poincare inequality (4.3) and taking e = 5,

leel? 4 Bl l? < 2R ol el + ST o
For some appropriately chosen ¢y € (0,00) to be discussed next, we apply Gronwall’s in-
equality,
T T
2, (T)[? < el SD(t)dt|Z€l (to)? + wl<8)efSTgo(t)dtd8
lo
where

4¢? _
Plt) = %Hzawn%oo — B,

2
() = E;g”maqmzo(tn?

BZM\
4c§

The to is chosen large enough so that [|2(t)[|2e < whenever t > tg. Such g
exists, because by (4.14b) and the Sobolev embedding zo(t) € C''/? is Hélder continuous
with exponent v < 1 and sup;s, ||z0(t)||c+ < ¢” is uniformly in ¢. Then due to (4.16), we
deduce that in fact zp(¢,-) — 0 uniformly on D as t — oc.

Consequently, we have that sup;>,, ¢(t) < 0. Set ¢ > 0 satisfying

2¢ < min {— sup p(t), 21/} .
t>to

Obviously, exp { ftf @(t)dt} < exp{ —2¢(T — to)}. Moreover, from (4.16),

l6—217(t—t0) —.0

8c2 o
[Yi(t)] < Fb!AﬂqPIzO(to)l% 2w(t—to) —, Cy
decays exponentially as t — oo. Combining these results,
T
|2, (T)]* < e 22010 (20)[* + / Oy~ 20(510) g =20(T=5) g
to

_ C - _
< o—26(T—t0) )12 P —2¢(T—tg) ,—20(T—to)
<e |z¢, (to)] +72(17_¢) (e e )—)0
as T — oo. (In the first term, |z, (¢p)|* has been shown to be finite for any finite to.) Since
p <V,

C . _
4.1 . T 2 < . t 2 (i —2@(T—to) —. K2 —2@(T—to)
@18) P < (P + 5ot )
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for T' > ty. K, does not depend on 7.

For |a| > 2, we prove by induction. Fix a, and assume the induction hypothesis that:

For each 0 < v < «, for T' > ty,
(4.19) |2,(T)| < Ky 2" "eT=t0)

as T'" — oo, where K, does not depend on 7.

We want to show that (4.19) also holds for a.

From (4.15b) with test function v = z,,

2dt|za|2 + V|vza‘

S |b(zaaﬂ07za)’ + |b(ZOUZOaZa)| + ‘b(Z(],’ELa,Za” + |b(’l_1/a,ZO,Za)‘

+ > /(@) (16(2y, 2a—y: 2a)| + D(2y, Ta—vys 2a)| + [B(Ty, 20— 2a))
0<y<a

Similar to (4.17), using the e-inequality with any 0 < & < 3/2,
2 2
_ c 2¢;
—zal* + (8 = 2¢) |z} < illZoll%wlzaF + JIA%lQIZolZ

+ 2 (O (amslly + 200 ) 5 112)°

0<y<a

2dt

Using the Poincare inequality and taking ¢ = 3/4,

d , (4
a7 OF < (55

20 1/2
302 VO Uzamally + 2o )2l 12)

0<y<a

< p(t)|2a(t)]* + Yalt)

2 2
c ~ 16¢
lollEe = X1B)lzal? + =2 Aol 0]

where now

1602

Yal(t) = —=2[Atal* 20 (1)

+2;b S ) (@l + 20y )@l | | 3 /@120

0<y<a 0<y<a
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From the hypothesis (4.19),

[Va(t)] < Cye —2v(t—to) +C¢ ( Z \/7 o220 (t— t0)>

0<y<a
where

16¢2

Cyo = —=2 |0l 220 (t0) |,
B

- 2c3 5 _ 2

Cow =2 [ 30 /) (supllzar )y + 2asllv) sup 1240 | -
B 0ta 50 s>0

and Cy,,, C~’¢& do not depend on t. By Gronwall’s inequality,

T
2a(T)? < e T 20 (t0) P + [ Ya(s)e P T ds
to

5(T—to) 2 Cy 25(T—to) | A e~ oI —t)
—@(T—to o ,—20(T—to o
<e [zalto)* + 55 55 +Cpa D O B
0<y<a
< K26721_(‘a|_1)@(T7t0)
where K, does not depend on 7T'. Hence,
(4.20) 2a(T)| < Kqe 2 1@(T—t0)
for all T' > ¢y. It follows that (4.19) holds also for «, and the result follows. u

We proceed to deduce the long time convergence of u(t) in some Kondratiev space
S_1,—¢(H). The manner of estimates in Proposition 4.1 is not directly suited for applying
the Catalan numbers method. Instead, we will use a compact embedding type argument in

the following lemma to show the result.

LEMMA 4.2. Let u¥ € S_1_4(V) be a sequence satisfying

re k|2
Za(sipllua\lv) < o0,

[e%
that is, satisfying {u¥} € S_1 _,(£>(V)).
Then there exists a subsequence ky such that ukN converges in D'(H) to some @ €
D'(H). Furthermore, if i € S_1,_4(H), then the convergence is in S_1,_q(H).
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PROOF. The convergence in D'(H) will follow easily from the fact that V is compactly
embedded in H. Let 7y ={a € J: |a| < N, and a; = 0 for i > N}. Since supy, [[uf||y <
oo, there exists a subsequence {k?};’il such that [[uf — @o|ly — 0 for some @y € H.
Iteratively, for each N, there exists further subsequences {kJN 1524 C {k‘;v 71};‘;1 such that
for every a € Jn,

luf, = Gallm =0
for some u, € H. In particular, for each N, we can find jy such that
EN
lua™ —tallg < N71, for all a € J.
Consequently, choose the subsequence kn = kﬁfv and we have found the limit @ = ) @a&a.
It follows that u*~ — @ in D'(H).
Now suppose & € S_1,_4(H). Let € > 0 be arbitrary. For any N,

Ry - LTI S LTI S
o — a2 g = S0 Y a3 TRl = (1) + (1)
aeJN a¢JIn

By our special choice of IEN, there exists Nj such that

(63
(I) < " N2« % whenever N > Nj.

a!
acJIN

From the hypothesis of the lemma, there exists Nj; such that

re k e €
(I1) <2 Z a(sip\\u H%) +2 Z JHUH%I <3 whenever N > Nip.
adIN adIN

Thus, Hui”\’ - ﬂ||2_17_q;H < ¢ whenever N > max{Ny, N;s}. O

The hypothesis in Lemma 4.2 is stronger than requiring uf € 1°°(S_1 _4(V)), thus
it is a weaker statement of what might be construed as a compact embedding result for
Kondratiev spaces. It is not shown whether S_; _,(V') is compactly embedded in S_1 _,(H).

Nonetheless, it is sufficient for our purposes.

COROLLARY 4.3. Let d = 2. Assume the hypotheses of Propositions 2.3 and 3.3(ii).
Then, for the solutions u(t) and u of (4.1), (4.2), we have that

u(t) —u in S—1,—¢(H), ast — oo,
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for ¢ > max{qo, g2}, where qo,q2 are the numbers from Propositions 2.3, 3.3.

PROOF. In the proof of Proposition 3.3, we have in fact shown that u(¢) belongs to the
space S_1,—¢(L>([0,00); V). Taking any sequence of times, t;, — oo, the sequence {u(tx)}
satisfies the hypothesis of Lemma 4.2. So, there exists a subsequence of u(tx) converging
in S_1_¢(H) to u. This is true for any sequence {t;}, hence u(t) — @ in S_; _4(H) as

t — oco. U

5. Finite Approximation by Wiener Chaos Expansions

In this section, we study the accuracy of the Galerkin approximation of the solutions
of the quantized stochastic Navier-Stokes equations. The goal is to quantify the conver-
gence rate of approximate solutions obtained from a finite truncation of the Wiener chaos
expansion, where the convergence is in a suitable Kondratiev space. In relation to being
a numerical approximation, quantifying the truncation error is the first step towards un-
derstanding the error from the full discretization of the quantized stochastic Navier-Stokes
equation.

In what follows, we will consider the truncation error estimates for the steady solution

. Recall the estimate (4.12) for |Aal|: for r2 = (21\2;%7 with ¢ > qo, we have

|l
a

T3|Aﬂa|2 < C\Qa|—l < > (QN)(lfq)aBO—Q(BOK)mCA_

This estimate arose from the method of rescaling via Catalan numbers, and will be the
estimate we use for the convergence analysis. For the time-dependent equation, similar
analysis can be performed using the analogous Catalan rescaled estimate, and will not be
shown.

Let T p = {a: |a| < P,dim(a) < M}, where M, P may take value oco. The projection
of w into span{&,, o« € Jum, p} is P = ZOCEJJ\/LP T

M,P

Then the error e = 4 — u can be written as

Ac? = Y r2|ATG

aeJ\Im, P
o0
= ) rlAu + > 2| Alig|?
la|=P+1 {la]<P, la<ar|<|el}
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00 P Jal—1

= Y 2Au + D> > riAwS

la|=P+1 la|=1 =0 |acpr|=i

(;‘r/ ) (I

We define the following values

Q:=2"BJK*) i,

i=1
M 00
Qe =2"1BoK? Y il Qupi=2"""BoK? Y il
=1 i=M+1

In particular, the term Q> u decays on the order of M?74.

We proceed to estimate the terms (I)-(IV), by similar computations to Wan et al. For
fixed 1 <p < P, |a| = p, and fixed i < p,

a

(I) < 63_1362 Z (’O‘> (2N)(1—q)a(BOK)2p

lae< =1, [as pr |[=p—1i

oD\ A Ap—
= am? (V) Qi

Then for fixed 1 <p < P, |a] =p

p—1 p—1 )
10 =30 <Y (1)t

And finally,

~

— Q<) by the mean value theorem for z — 2P,

O

Since QP — Q% < pQ"(

IIT it
(1) < B2Q>M+ 167 B2Q>Mp:2 (p—1)3
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P A
1 1 p(2'Q)"!
< *(2)@>M+ B§Q>MZ (p—1)7°
p=2
1 P-1
< —0Qs>m (24Q)p
0 p=0

To estimate Term (IV),

( Z Z 21 qBQKQ) <‘Z‘>(N)(1—q)a

p=P+1 |a|=p
1D
= B;2 Z L (219B2 K (Zzl Q>
p=P+1 i>1

4(p—1) 4\ P+1
< B;? Z 2 p < L (2°Q) '
167B2 1 —24Q

p= P+1

Putting the estimates together,
|A6’2 < C((24Q)P+1 —|—M2_q)

Notice the condition 24Q < 1 in (4.13), which ensured summability of the weighted norm

of the solution, is of course a required assumption for the convergence of the error estimate.

6. The Catalan numbers method

The Catalan numbers method was used in the preceding sections to derive estimates

for the norms in Kondratiev spaces. This method was previously described in [34,55], but

we restate it here just for the record.

LEMMA 6.1. Suppose L, are a collection of positive real numbers indezed by o € 7,

satisfying

La<B > LyLa .
0<y<a
Then

_ « .
L, < C\a|—1B‘a| 1 <|a’> HL?;

7

for all a, where Cy, are the Catalan numbers.
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PROOF. The result is clearly true for o = ¢;. By induction, let |o| > 2, and suppose

the result is true for all v < . Then

La< D CpiClay 1B Cﬁ) (’Z _ :;') (I1z2)

0<y<a 7
|or|—1
nzl g;a Cn-1Cla|—n—1— (ga’_j)), Blol= I(HL“)
lvI=
|a|—1
ch 1Clafn_1 Z <|04|> (fy) ! 19 plal- I(HL )

O<'y<a
lvI=

(%)
We claim that () = 1, for any o and any n < |a|. Indeed, let Ko = (k1,...,k)o) be

the characteristic set of a. Each summand in () is

[a"\ 7" n! (Ja| = n)!
<a!> Y (a =)t
!

The term ‘i is the number of distinct permutations of K, whereas the term 2; (23‘ 7)),‘ is

the number of distinct permutations of K, where only K., K~ has been permuted within
themselves. On the other hand, the latter term is the number of distinct permutations of
K, corresponding to a particular ~, where the correspondence of a permutation of K, to
ay € {y:0<7vy<aly] =n} can be made by taking K, to be the first n entries of
that permutation of K,. Thus, each summand in (x) is the relative frequency of v over all
distinct permutations of K, and hence their sum must equal 1.

To complete the proof, using the recursion property of the Catalan numbers,

laf -1

L < Z Cn 16‘04 . 1<’a‘>BOA| 1HL

n=1

‘Oé|' al—1 [e 7]
—c|a1<a! Bl HL

If L,, satisfies the hypothesis of Lemma 6.1, and if L., < K for all 4, then for r = (2N)~¢

a2 o 2 p2(al-1) g2lal || oN)(1-a)e
Z LA Z Cn—l a ( N)

|a|=n |a|=n
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— 3726371(32}'{2217(1)” Z (’Z)N(lq)a
|a|=n

= B2k, (B2 320" ( i -0
i=1

For large n, the Catalan numbers behave asymptotically like C,, ~ Hence, the sum

22n
/Ans/Z
Dm0 2jal=n r®L2 converges for any q > max{qo, 2}, where gy satisfies

o0
B2K?2570 ) j(tmw) — 1,

=1
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CHAPTER 5

Randomization of Incoherent Forcing for Improvement of

Energy Approximations

1. Introduction

In this chapter, we consider a linear SPDE

(5.1) ;UZAHWQ(J;), zel, t>0,

and a system of deterministic PDEs

0

(5.2) -

vi(z,t) = Avi(x,t) + piei(z), ze€U, t>0, fori=1,2,...,00,

where U C R? is an open bounded domain, A is a linear partial differential operator,
{ei, i > 1} is an orthonormal basis in Lo(U), and W (z) is a weighted spatial noise, given
by

W@) = Z oiei()&;

i>1
with {&, 7 > 1} being a set of independent Gaussian random variables and {o;, i > 1}
being a set of nonnegative weights (see (2.3)). If all o; = 1, W(z) is a standard spatial
white noise; this case is presented in [43]. We assume that the initial conditions in (5.1)
and (5.2) are zero. In fact, we recall from Definition 1.5, and the discussion therein, that

(5.1) and (5.2) are equivalent in that

vi(z,t) = E[v(x,t)&] and o(z,t) = Zvi(a:,t) (W, ei>

i>1

Ly(U)

The equivalence of (5.1) and (5.2) is a very simple implication of the Wiener chaos ex-
pansion for SPDEs. System (5.2) is the propagator system for (5.1). Under very general
assumptions, a solution of one of the two equations exists and is unique if and only if the

other has a unique solution (see [49] and Theorem 3.2). Moreover, if Y, 07 < 00, then
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the solution is in Ls, and if 2221 0? = o0, then the solution is found in a Sobolev space
with a negative index.

The energy of a solution u of (5.1) is defined by

(5.3) E(®)] = Ello(, )10y = D i O, 0)-

i>1

Clearly, it is independent of the choice of the basis {e;, i > 1} .

Our main goal is to identify suitable bases {e;, i > 1} as well as estimators 0" (z,t) =
S vi(x,t)o&; such that the energy of () (z,t) efficiently approximates E[v(t)]. For a
finite N-dimensional noise WN(;U), we want to study the behavior of the estimators as
N — 0.

Getting a little bit ahead of the story, we remark that, while the energy E[v(t)] does
not depend on the choice of the basis, the rate of convergence of the approximate energy
S i3 1,(t) does and, sometimes, does so quite substantially.

Approxunatmg the energy [[v(-,t)||? 1,(u) for system (5.2), and similar systems, requires
solving a large number of PDEs that differ only by the forcing terms. For example, the
problem of efficient approximation of the energy comes up in the modeling of wave propaga-
tion with incoherent sources [40], which appear in a wide range of problems in optics, such
as those related to diffuse light [71]. Some popular examples include the Raman photonic
crystal spectrometer [51], which is used to measure spatially incoherent light in environ-
mental and biological sensing, as well as fluorescent or bioluminescent tomography [66],
which has been used successfully to achieve in-vivo functional imaging in cancer research
and drug monitoring. In modeling the performance of new designs for photonic crystal
spectrometers, one has to compute the solutions of Maxwell equations, which govern the
light propagation in the spectrometer, with spatially incoherent sources f(x). Similarly,
current models in fluorescent tomography are based on solving a diffusion approximation
of the well-known radiative transport equation, and due to the random phase value it is
again natural to model the incoherent fluorescent light source by point sources. Therefore,
engineers routinely model incoherence by solving very large systems of equations, each of
them excited by a point mass function f;(x) = fidg,(z), i =1,...,N.

On one hand, the incoherence property is well modelled by point sources in (5.2). On
the other hand, the sheer number of required point sources sets a computational roadblock.
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To mitigate the aforementioned numerical complications, it was proposed in [4, 5] to cir-
cumvent the local scale problem by replacing the localized forcing terms with a new global
scale forcing that efficiently consolidates most of the energy into just a few terms. This
was implemented by replacing multiple Maxwell equations with point sources by a single
Maxwell equation driven by white noise Wy () = Zf\il &ni(x), where {&,1=1,2,...,N}
were independent standard Gaussian random variables and {n;, i = 1,2,..., N} was a sub-
set of a trigonometric basis. The numerical simulations presented in [4,5] demonstrate a
dramatic reduction in computational complexity in evaluating the energy |[v(-,¢)||7, while
maintaining a similar level of accuracy of energy approximation. However, papers [4, 5]
were not concerned with rigorous theoretical explanations of the validity of the proposed
algorithm and the potential scope of its applicability.

Thus, we present here a rigorous approach to the problem of efficient approximation of
the energy (5.3) for systems of fairly general evolution equations (5.2).

In section 3, we compare the efficiency of the small scale (point forcing) basis and the
“large scale” A-eigenfunction basis, and we deduce our main result—the approximation
of the energy using the latter basis yields a Ist order improvement over the former (see
Theorem 3.1). In fact, we will show that the number of expansion terms under the eigen-
function basis is O (1) in N, whereas under the point forcing basis it is O (N). In section
4, we show numerical results for the one-dimensional heat equation under the point forcing
and cosine bases that corroborate the theoretical results, and we also show results for the
convection-diffusion equations that suggest the applicability of this method to a broader
class of parabolic equations.

We remark that the change of basis method is not the only way to tackle the determin-
istic system. The key point is the randomization of the system (5.2) to the SPDE (5.1),
which can then be handled by various methods, such as WCE or Monte Carlo simulation.
While there are numerous works in the literature studying such equations with additive
noise, most of these works use a single choice of basis, which is usually a generic basis in the
case of white noise, or the basis derived from the Karhunen—Loeéve expansion (e.g., [13,20]).
We point out that, at least in the case of a self-adjoint operator A, the choice of new basis
should be related to the eigenfunctions of A (see section 3), rather than to the basis arising

from the Karhunen—Loéve expansion of the noise. Interestingly, [11,22] specifically chose
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to use a basis similar to the point forcing basis, but this was only to expedite the use of the
finite element method. In [11], the stochastic term was handled by Monte Carlo simulation,
and Lo-convergence properties of the solutions were studied. To the best of our knowledge,

direct comparison of two bases has not received as much attention.

2. Change of Wiener chaos basis

We introduce the framework that will lead up to the proposed change of Wiener chaos
basis idea. Let U C R? be an open bounded domain. Let —A be a positive definite
self-adjoint elliptic operator of order 2m, equipped with either periodic or zero Dirichlet
boundary conditions. (In the case of periodic boundary conditions, the domain U will be a

torus T¢.) We assume the dimensionality condition
(5.4) 2m/d > 1/2.

It is well known that —A has eigenfunctions {m;} that form an orthonormal basis in Ly (U),

and the corresponding eigenvalues {);} behave asymptotically as [58]
(5.5) Ai ~ i2mld,

We will refer to {m;} as the A-eigenfunction basis in La(U).
As an unbounded positive definite self-adjoint operator on Ly(U), —A has a well-defined
square root A = \/—A, which has domain D(A) = H, or Hi*. Then A induces a Hilbert

scale which we denote by H ), v € R, with norms

(5.6) loliz, =3 (A2) " 2

J=1

for ¢ of the form ¢ = Z;-Izl ¢jm;, for some J € N [41]. H) is the closure of the set of such

¢ in the norm || - ||5~. It can be shown that H'; is equivalent to the usual Sobolev scale.
H A
In particular, the norm || - || Hm is equivalent to the Sobolev norm
HQZ)H 5 L Sup |<¢’ ’l]Z)>H—2m’H2m’
H—-2m = s
pEH2™ [%1| gr2m

where we denoted H?™ = Hgg;‘ or H3™ in the case of periodic or zero Dirichlet boundary

conditions, respectively.
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In order to define a localized basis, we consider a partition of the domain U. Let N < oo
be arbitrary. Let Z = {I;,i = 1,..., N} be a partition of U into (small) nonoverlapping
subsets with Lebesgue measure |I;| ~ 1/N. We assume the family Z is quasi-uniform in N.

That is, there exist constants p1, p2 such that
mMax i < (p1|U|)1/dN_1/d,
mine; > (po|UNVINYE,

where r; = diam(/;) and ¢; is the radius of the largest sphere B; contained in I;. The quasi-
(N)

uniform assumption implies nondegeneracy, i.e., that there exists p3 such that 2g; > par,

for all 7, N. It then follows that
p-|UINT < min |1;] < max|Li] < py [UINT!
and
po(ri)? < L] < py(ri),

and hence

Ei~ T ~ N4,

We are now ready to introduce the two bases {n;} and {m;} that will be the focus of

our comparative analysis.

(1) Point forcing basis:

1
(5.7) ni(z) = \/m]_]i(.’l?) fori=1,...,N,
i
and {n;}2° ., is any basis in Sy, where Sy = span{n;, i = 1,...,N}.

(2) (Discrete) eigenfunction basis in Sy
myp = my,

i—1

1

(5.8) m; = ? (’PNITLI - Z (PNmi,mj)mj> s 1= 2, e ,N,
% j=1

where Py is the Lo projection onto Sy and Z; is the normalization constant. In
other words, {m;} is the Gram—Schmidt orthonormalization of the Ly projections

of the first N eigenfunction basis elements onto Sy.
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Many quantities considered in this chapter, such as the definitions of the two bases,
depend on the parameter N. The limit as N — oo is an object of study. However, in the
rest of chapter, we will suppress explicitly writing this dependence on N if no ambiguity
arises.

Define the Gaussian noise Wq(z) on La(U) by the Wiener chaos expansion
(5.9) Wo(z) =Y omila)n

i>1
where 7; ~ i.i.d. N'(0,1), o; > 0, and the covariance operator @Q? is defined by Qn; = o;n;
fori=1,2,... (see (2.3)). We do not restrict Q? to being a nuclear operator, but in the case
where we desire WQ to be a finite N-dimensional noise, we will assume that Range @ C Sy

(N)

In this case, 0; = 0,/ are nonzero only for ¢ =1,..., V.

We consider the equation

(5.10) g;’ = Av + Wo(x)G(t)

with zero initial conditions and either periodic or zero Dirichlet boundary conditions.! Here,

G(t) is a bounded function on [0, 7] satisfying

C t A C
(5.11) G < / eI G (s)ds < ez for t € (0,77,
AT Jo Aj
for j = 1,2,..., where the constants Cg1,Cge are independent of j and N, and Cge is

independent of ¢.
At this point, we introduce the related equation driven by an infinite dimensional Gauss-

ian noise, which will be used for the error analysis in section 3.1. We assume for the sequence

(o™i =1,..., N} that supy sup;<y o\

i < 00, and

(N) N—=oo _x
Ui — g;

uniformly for ¢ < N.

That is, Ve > 0, ANy such that if N > Ny, then \UZ(N) —of| <€, Vi < N. For simplicity,
we assume o; = 1 for all ¢ = 1,2,..., but the results can be extended to any bounded
sequence ;. The uniform convergence of {o;} makes it possible to study the asymptotic

behaviour of (5.10) through the related limiting SPDE driven by an infinite dimensional

Iror simplicity, we will always assume zero initial conditions and periodic or zero Dirichlet boundary condi-
tions, even when not explicitly stated. We also always take = € U and t € (0,7] for arbitrary T' < co.
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noise. To this end, we consider the SPDE with Gaussian white noise on Lo(U), with @ = I
and W (z) = 3,5 &mi(z),

ou*
ot

(5.12) = Au* + W (2)G(t).

Equation (5.12) is solved in the triple H™" < Lo < H™ and should be understood in the
weak sense. Its propagator system is

~
ou;

(5.13) o

= Ai + my(2)G(t).

The equivalence of the propagator system to the weak solution can be shown. Moreover,
there exists a solution u* such that u*(t) € La(£2; L2(U)) for each ¢t € (0,7, and the energy
Eu*] = Hu*(t)H%Z(Q;LQ(U)) at any fixed t € (0,77 is finite. (See section 3.1.)

The framework to allow us to change the basis of the Wiener Chaos expansion is ele-

mentary. Direct computation gives that
N N
Qmj = Z Ejkmk, where E]’k = Zai(ni,mj)(ni,mk).
k=1 i=1
The uniform convergence of {¢;} implies that ¥, — ;1 as N — oo. We will write ¥; in

place of ;. Then there are two equivalent WCEs for WQ,

N N
Wolz) =Y ni(@)oim =Y mi(z)5:&,
i=1 i=1
where
N
& =371 onlng, mi)n.
k=1

The &;s are identically distributed standard Gaussian random variables, but in general they

are not independent. The covariance matrix p = (pij)f\[j:l is

> her Tk Tk
pij = E[§&;] = =5 :
/ / =%

Clearly, p is symmetric positive definite for each N, and we have p;; — d;; as N — oo.
In the case that o; = 1 for all i = 1,..., N, the s are i.i.d. standard Gaussian random

variables, and the relationship between {{;} and {n;} reduces to the usual change of basis
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formula,

N

(5.14) &= (mi,ni)m.

i=1
We remark that the second expansion in (2) is, strictly speaking, not a Wiener chaos
expansion, because the ;s are not orthogonal in Lo(£2). It is a standard exercise to transform
the expansion into an orthogonal expansion by a linear transformation of the ¢;s. However,
we will not do that here, but instead just work directly with the linearly independent
expansion (2).
By the change of basis formula, we write the solution of (5.10) in two expansions
N
(5.15) u(a,t) =Y oz, tym = di(z, ).
i=1 i=1
Multiplying both sides of (5.10) by n; or &;, and taking expectation yields two equivalent

propagator systems

0
(5.16&) a@i = A@i + O'ZTLZ(QZ)G(t)
N 9 N
(5.16b) > Piig Ui = > pji (At + Zjm;(2)G (1))
j=1 j=1
fori=1,...,N. Since p is invertible, (5.16b) reduces to a simpler system
0 . .
(5.16b/) —U; = Auz + Zlml(l‘)G(t)

ot

Then the energy of (5.10), £[u] := E||u|?,, can be computed from the solutions of either
system (5.16a) or (5.16b/) by a simple algebraic formula
N N
(5.17) Eu] = Z ||77@||%2 = Z(ﬁz, aj)pij
i=1 i=1
In order to reduce the computational cost of computing the solutions of all N equations

in the system (5.16a) or (5.16b/), we approximate the energy of the N-system by the energy

of a truncated system. Truncating the systems (5.16) to n < N equations means to consider
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the systems

(5.18a) %@i = Av; + oyn;i(z)G(t), fori=1,...,n
(5.18b) gtﬁz = Au; + X;m;(x)G(t), fori=1,... ,n.

System (5.18a) is the propagator system of

0

aw") =A™ + Wp o(2)G(t)

(5.19)

where P,, the projection into span{n;, i = 1,...,n}. System (5.18b) is the related system

to

3}

(5.20) au<"> = Au™ + Z,(x)G(t)

where Z,(z) = Y., m;(2)%:&. Obviously, (5.19) and (5.20) are different SPDEs with

different energies,

Ep™) = llaillf, # ™)=Y (@, 5)pis.
i=1 ij=1
The energies £[v(™] and £[u(™] will be taken as an approximation to the true energy &[u].

The absolute and relative errors of the approximations will be denoted as

N n
Rp™]:=Eu) — Ep™] = > |liill7,, and R[U(n)]:R[v( )
i=n+1 Elul

= ~ R[u(™)

Rlu™] = €[u) = Eu™] = Y Jlaill7,, and  Ru™]= £l

i=n+1
for n < N. We will compare the performance of the two bases using the relative error of

the approximate energy. Given an allowable relative error r, let
(5.21) np :=inf{n: Rp™] <r} and ng:=inf{n: Ru™] <r}.

be the minimum truncation sizes that achieves the relative error r. Define the improvement

of the eigenfunction basis over the point forcing basis as

np/nc.
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The improvement is an indication of the computational savings of using the eigenfunction

basis for the relative error r.

3. Comparative error analysis and 1st order improvement

In the foregoing section, all the quantities depend on the number N of subdivisions
of U. In this section, we study the asymptotic behavior as N — oco. We will formulate
precise bounds on the relative error and compare the asymptotic behavior of the two bases
as N — oo.

The main goal of this section is to show the 1st order improvement of the change of

basis method, in the sense of the following theorem.

THEOREM 3.1. Given a relative error r € (0,1), we have, at worst, 1st order improve-
ment as N — oo.

More precisely, there exist constants 0 < Comin < Comaer < 1, depending on r but
independent of N, such that for every Cy € [Co min, Comaz) there ezists Ny = No(Cp) > 0
such that

n
P > Oy N
nge

whenever N > Ny. Moreover, Ny — 00 as Co T Co maz -

Obviously, 1st order improvement is the best one can hope for, simply because np < N
and ng > 1, so that np/ngp < N. The result of Theorem 3.1 states that the constant in
front of the 1st order improvement can vary in an interval, with a larger constant holding
for larger N.

A big part of the proof of Theorem 3.1 involves studying the decay in n of the relative
errors R[v™] and R[u(™]. Theorem 3.1 follows easily from two key facts: first, that the
relative error R[v(”)] for the point forcing basis decays no faster than linearly; second, that
the relative error R[u(")] for the eigenfunction basis decays no slower than superlinearly, on
the order of n™% with a > 0. (See Figures 1 and 2 for illustration and motivation.) We

make these two statements more precise in the following two propositions.

PROPOSITION 3.2. For the solution of (5.12), define the relative error by

ey [

Rlu*(™] .= £l
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N — Eigenfunction basis
--- Point forcing basis

Relative Error
o o o o o
N w S o =

o
o

0 20 40 66 éO 1(50 léO

Number of coefficients, n
FIGURE 1. Relative errors incurred R[u(™] when the system is truncated to
n coefficients, under the point forcing basis (dotted line) and the eigenfunc-

tion (cosine) basis (solid line). The convection-diffusion equation was used
to produce this data.

(a) 10° i i (b) 0

Relative error (log scale)
=
o

Relative error (log scale)
=
o

. . . .
10 10" 10° 10 10 10" 10° 10°
Number of coefficients, n (log scale) Number of coefficients, n (log scale)

FIGURE 2. (a) Relative errors on log-log axes for increasing values of N,
under the cosine basis for the heat equation. (b) Relative errors for two
values of diffusion coefficients ¢ = 0.1,0.01. The graph for ¢ = 0.01 lies
above the graph for e = 0.1.

form=1,2,.... Then
(5.22) R[u*M] ~ pam/d+1

Given a relative error r,

d

(5.23) no i= inf {n : Rlu™] < 7}~ rm
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asr 0.

PROPOSITION 3.3. There exists a constant C independent of n and N such that
(5.24) Rlv™] > L(n)=1-nCN™!,

where L(n) is a straight line passing through the point (0,1) and with slope —CN ™1, which

tends to 0 as N — oo.

To show the decay behavior of the relative errors, we will focus on finding bounds on
the Lo norms of the solution modes 4; and ©;. In order to be useful for explaining this
contrasting behavior of the two bases, the bounds need to be sensitive to the localness or
globalness of the basis and should provide accurate bounds on the solution modes. Error
bounds involving HTLZH%Q and ||ml||%2 are clearly insensitive to the choice of basis, since
both norms equal 1. Standard methods for estimating the time evolution of [[u(t)[|7,, such
as those involving Gronwall’s inequality, may also be inadequate. A case in point is the
following.

Suppose u(t) solves the heat equation

o _

5 Au+ f(z), = €]0,X],

with zero initial conditions and periodic boundary conditions (cf. section 4.1). Also assume

that u(t) has periodic derivative. Then

1d
33O, = [ w0 do
< a3, + It o 171
1
< —u O, + (O}, + a3, + 711

1
eI, + 717151

Thus, by Gronwall’s inequality,

t€2t
lu(®)1?, < o £ -1 = CON I
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Using n; or the cosine basis m; in place of f, the energy of each mode is bounded by

2
oI, < COlmil <o) (5. )

lo:OIZ, < C@)lInillf— < C).

Then the absolute error of the energy estimate of an n-equation truncated system (for fixed

N) decays on the order of

Rlu™] ~ 0O <71L - ]1[> . Rp™)~0 (N]; ”) .

The estimate for R[v(™)] is consistent with numerical results, but we will establish this result

in more generality. But the estimate for R[u(™] is merely an upper bound and does not

predict the actual O (n™?) decay (see Figure 2).

3.1. Fourier techniques for the eigenfunction basis. The Fourier expansion is an
effective technique for obtaining exact error estimates. We begin by considering the limiting
infinite dimensional equation (5.12) with covariance operator Q = I, and its propagator

system (5.13). The solution of (5.12) has the Wiener chaos expansion:

wr(t) =Y artg =Y un(tme,
i=1 i,j=1

%
where (0

= (47, m;) are the Fourier coefficients of 4] with respect to the A-eigenfunction
basis in Ly(U). Note that only the low order modes {&m;}; j>1 are nonzero because the
noise appears additively. From the propagator system (5.13), the Fourier coefficients solve

the decoupled system of ODEs

(5.25)
for i, =1,2,.... The solution satisfies
t
5”@ < (t) = 6 / e NG (s) ds < 51-]-@.
Aj 0 Aj
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In other words, all the energy is concentrated on the modes {&;m;}, and
=1 1
2 NI 2
Ce1 Y IV Ellu*()17,0) < C&2) IVA
i=1 =1 Vi

where the summations converge because of the asymptotic behavior of the eigenvalues (5.5)
and the dimensionality condition (5.4). It follows that the dimensionality condition (5.4) is
necessary and sufficient for u*(t) € Lo(£2; L2(U)) to be square integrable.

The consequence of this computation is that we have precise asymptotic estimates for
the truncation error:

(5.26) Rlu=™] = N ||}, = > (@5)? ~ntm/dH,
i=n+1 i=n+1

The asymptotics in (5.26) obviously hold for R[u*(™] = R[u*™]/E[u*] as well, and we
obtain (5.22) in Proposition 3.2. Equation (5.23) then follows by taking the function inverse

of the asymptotic bounds in (5.22). Thus,
_d _d
(5.27) Cria=im < ng < C'rd-am

for r sufficiently small.
We now look at the finite dimensional model, N < oo, with nuclear ) and WQ defined
n (5.9). W can be viewed as a finite dimensional approximation of W, and we have that
Elu] — E[u*].
Instead of (5.25), the relevant system of ODEs for (5.10) corresponding to the discrete
eigenfunction basis in Sy comes from (5.16b/):,
ditiig = —Ajij + Bi(mg, my)G (1),

(5.28)
4ij(0) =0

fori=1,...,N,j=1,2,.... The solution is
. ¢
i (t) = Ei(miamj)/ e MU= G(s) ds.
0

The behavior of the truncation error of system (5.28) can be expected to be close to
that of (5.25). Indeed, since the Gram-Schmidt orthonormalized elements m; in (5.8) are

finite sums of projections Pymy, and since Pymg — my in Lo as N — oo, it follows that
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m; — m; in Ly as N — oo for each i = 1,2,.... For any fixed j, (m;,m;) — d;; also.

Thus, by (5.11) and the dominated convergence theorem,

t 2
(i, T ) pir = > i SiSr (g, my) (m, my) </ G_Aj(t_s)G(S)d5>
0

Jj=1

t 2
— O 25”(51/] (/0' E_Aj(t_S)G(S)dS> = u/Hﬂfniz(U)’ as N — oo

Jjz1
for all i,4' =1,2,.... Since E[u] — E[u*], it follows that
(5.29) Rlu™) = E[u] — Eu™] "=5° RluM] = glu*] — E[un]

for every n. In particular, we deduce that for fixed truncation size n, the relative error
incurred by truncating the large size N system must tend to the relative error incurred by
truncating the infinite system.

We do not assert that R[u(™] = O (nf%m*l). Nonetheless, similar to ng in (5.23), an
asymptotic result for the minimum truncation size to achieve relative error r for the discrete

eigenfunction basis, easily follows.

PROPOSITION 3.4. Let ng = ng(N,r) be defined as in (5.21). Then there is some

r* € (0,1) such that for any relative error r < r*, there exists N(r) such that
d d
Cria—am < np < C'rd=m

whenever N > N(r). The constants C,C" are independent of r, N.

PRrOOF. From (5.27), there exists 7* such that
_d _d
Cri—im < ng(r) < C'rd-—im
whenever r < r*. Fix 6 € (0,1). For any r < r*/(1 4 ¢), choose N(r) such that
R[u™] — Rlu*™]| < ér
holds for both n = ng((1 +0)r) and n = ng((1 — J)r). Then

Ru™lnno1ayr) > 7 and - Ru™]lomnya-5) <7
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and

no((L+9)r) <ng <ng((1—29)r).

Hence

C(1 + §) T ratm < np < C'(1 — §) a5 pa—im

and the result follows with 7*/(1 + §) in place of r*. O

3.2. H—2™ norm estimates for the point forcing basis. For the error analysis for
the point forcing basis, similar computations for the system of ODEs for the point forcing

basis coming from (5.16b7) show that ﬁij := (04, m;) satisfies

t
0i(t) = Ui(niamj)/ e N=9G(s) ds.
0

Clearly, the energy of the system is not concentrated on {f)u, i=1,...,N}, and
o] t 2

(5.30) o, = Y- oy ? ([ 6 as)
j=1

We have the following lemma.

LEMMA 3.5. Let n; be defined in (5.7) fori=1,...,N. Then we have the bounds
CIN 2 < |ng|| gr-2m < CoN~V/2,
where C1,Co are independent of i and N.

PRrROOF. For the lower bound, consider the mollifier (. with support in B(0,¢), and let
«; be the center of the largest sphere B; contained in I; with radius ¢;. Then, denoting

H?™ = H2m or H3™,

|nillfr—2m = sup M
werzmwy [Vl g2m @)

e e e /U ni(2)Cos (2 — 1) dt

= HCEZ ”]__[12m(Rd)(ni * Cgl)(a,) > CN72m/d'
The last inequality holds because it can be computed that [|(,| g2m ~ gi—(2m+d/2) and
(ni * Cel)(az) = ’I’ZZ(O[Z) ~ N1/2 ~ g;d/Z'
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For the upper bound,

1
n;, Y Tl.f]i |¢|dm
Inillgoom = sup [PV oy, I PTEE
wemzm |¥]|g2m werzm Y| zm

< CON~2,

where the C' is independent of ¢ and N, since by the Sobolev embedding every ¢ belonging

to HZ™(U) or Hggﬁ(U) also belongs to C%1/2(0)). O
COROLLARY 3.6. For eachi=1,...,N, we have the bounds

CysN~4m/d < 572|443, < CuNY,

where C3,Cy are independent of i and N.

PROOF. From the definition of the Hj norm, (5.6),

Ca1
oz, >Z(az ni, m;) A.) = 02l am

and similarly

Ca2
9:ll7, < E <Uz nj, M) —— iy ) J?C&Hniﬂirzm.
¥l A

7=1

The result follows by the equivalence of the H:Z\ norms and the Sobolev norms, and from

Lemma 3.5. l

The lower bound in Corollary 3.6 gives another way to see that the solution of the finite
system will not converge to a square integrable of the infinite system if the dimensionality
condition (5.4) is not met. This lower bound also gives a lower bound for the relative error
of the point forcing basis. Interestingly, a more informative lower bound on the relative

error can be derived from the upper bound in Corollary 3.6:

Elul - 3Ly 10ill7,

Rlp™] = £l
(5.31) 5 - C4N‘1n;[zx]1pN sup;< y 02)
Cs
=L nygn =



Since the constant Cj is independent of n and N, the relative error is bounded from below
by a straight line L(n) passing through the point (0, 1), and with slope —C5/(N&[u]) which
tends to 0 as N — oo. We have just shown Proposition 3.3.

‘We now prove Theorem 3.1.

Proof of Theorem 3.1. From (5.31), the linear lower bound L(n) attains relative error r
for n > ny, where

(L—r)€u] =
G N=CmN

is the value such that L(ny) = r. Then, since R[u(™] > L(n),

nyp =

np >ng = C(N)N.

C(N) depends on N because £[u] depends on N. We next show a series of estimates for

C(N) to remove the dependence on N. First, Elugny] = E[ugn=1y] for all N, so

C(N) > C(1)
for all N. Now, since £[u] — E[u], for any € € (0,E[u*] — E[ugn=1}]), there exists N (e)
such that E[u] > E[u*] — €. So

oy s (= D)EW] =)
cw) = =

whenever N > N(¢). Denote C(c0) = %55["*] As e ranges from 0 to E[u’] — Elugy=n],

the right-hand side of the last inequality ranges from C(c0) to C(1). Clearly, N () increases

to oo as € | 0. In other words, for any C' € [C(1),C(c0)), there exists N(C) such that
np > C(N)N > CN

whenever N > N(C). Moreover, N(C) increases to oo as C' 1 C/(c0).
For ng, recall ng = inf{n : Rlu>™] < r}, (5.23). Let ¢¢ = r — R[u*(")] > 0. From

(5.29), R[u(™)] — R[u*(")] as N — oo. So there exists N(ng) > 0 such that
R[u(no)] < R[u*,(no)] +e=r

whenever N > N(ng). Hence, ng < ng if N > N(ny).
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Combining the two inequalities for np,ng,

CN
np > 22— OyN
ng no

whenever N > Ny(Cp) := max{N(C), N(ng)}. Hence, Cy € [C(1)/ng,C(x)/ng) and
Ny — o0 as Cy T C(00)/ng. O
The next result gives upper and lower bounds on the improvement in terms of the

relative error r.

COROLLARY 3.7. There ezist r* € (0,1) and constants 0 < Cy min < Cymaz < Cx <1
such that, for every r < r* and every Cy € [Cy.min, Cxmaz), there exists No = No(r,Cy) > 0
such that

C __d np __d
or d4am N < — < Cyr~ d—4m N
ngE

whenever N > Ny. Moreover, Ny — 00 as Cy T Cx ez or as r | 0.

PROOF. In the proof of Theorem 3.1, the inequalities hold if we replace C'(N) with
Cy(N) := (1%5)5[“] so that, for any C' € [C,(1), Cy(c0)), there exists N(C) such that

np > C,(N)N > CN

whenever N > N(C). Also N(C) increases to co as C' 1 C,(c0). From Proposition 3.4,

np CN

d
_— > — g = CON’,"_ d—4m

nE  Clya-im
whenever N > Ny(r, Cp).

Also from Proposition 3.4, and since np < N,

N
njg 7 :C*Nr_d—(im.
nE = Opa-im
O
__d __d
If 11 < ro, then r; “™*™ < r, “°*" so Corollary 3.7 indicates that one would expect a

slower convergence to 1st order improvement for a smaller relative error. This observation is
in accordance with Trend (T3) in the numerical simulations. We also note that the interval
endpoints in Theorem 3.1 and Corollary 3.7 are inversely proportional to Cy from Corollary

3.6, which is in turn inversely proportional to the norm of A. This point is corroborated
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by the numerical result that showed that the improvement is better for a larger diffusivity

constant (cf. Trend (T1)).

3.3. The non—self-adjoint case. If A is not self-adjoint or not positive definite, pre-
cise bounds on the error decay such as those obtained in the previous section may not
be readily available. But, under additional assumptions, we can still deduce certain as-
ymptotic results similar to the positive definite self-adjoint case, including the result of
1st order improvement. To see this, let us consider again the SPDE (5.12) in the triple
H™ — Ly < H™™, where we assume A is a 2mth order non—self-adjoint elliptic operator.

Also assume a more stringent dimensionality condition:
(5.32) m/d > 1/2.

We decompose A = Ay + A; into the symmetric part Ay = %(.A + A*) and the skew-
symmetric part A; = %(.A — A*), and we assume that —A is positive definite. Then —Ag
generates an eigenfunction basis {m;} with eigenfunctions {\;} satisfying (5.5). Similarly
to (5.6), Ao defines a scale of Hilbert spaces H_, with norm ||qb||§{;y‘0 =721 (8, mj)2)\;7/m,
that is equivalent to the Sobolev scale H7.

In the infinite dimensional case with white noise (5.12), the existence and uniqueness
of the solution u* is shown in [57] because the asymptotics of the eigenvalues (5.5) and the
new dimensionality condition (5.32) imply that W e Lo(Q2; H-™(U)). Applying the usual
deterministic parabolic estimates to the propagator system (5.13), we have that @;(t) is

continuous in ¢, and
1 ()7 < CIGIL 0, lmillz—m < C'llmall o S oA

for all t € (0,7]. Then we have a result analogous to (but weaker than) Proposition 3.2.

For the error

5:39) R = S i, < On- 2,
i=n+1
and for ng := min{n : R[u*"] < r},

d
ng < Crd-2m,
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In the finite dimensional case (5.10), we again have E[u] — E£[u*]. For the discrete

eigenfunction basis,

a2, = a1z, ] = Wasles = a5 le.] (e, + 187 ]L,) < Cllas — @51,
< C'||Simi — mi]| gem 2300

for each i < N, and so

Eu™] — E[uM] — 0.

n
> llalz, = e,
=1

Hence, R[u(™] — R[u*(™] as N — oo for each n. For the point forcing basis,
10:(O 17,0y < CoflInillf—m < C'NTH,

where the last inequality follows by an argument similar to the upper bound in Lemma
3.5. The proof of Theorem 3.1 follows through identically, so the statement of 1st order
improvement applies to the non-self-adjoint case as well, provided (5.32) holds.

However, this argument by parabolic estimates works only when (5.32) holds; the be-
havior when 1/4 < m/d < 1/2, which was covered in the self-adjoint case, is not addressed
here. This should not be a surprise because the parabolic estimates are essentially Gronwall-
type estimates, which we have noted in the beginning of section 3 to give suboptimal error
bounds. The main difference between the two analyses is the estimation of the forcing
terms in the H~™ norm in the parabolic estimate case, rather than the H 2™ norm in the
self-adjoint case. Hence, the parabolic estimates provide only upper bounds on R[u*’(")]
that are O (n‘Qm/ 4+1) | which is less favorable and less precise than the o(n=*m/4+1) decay
found in the self-adjoint case. Nonetheless, we conjecture that the asymptotic behavior of
R[u*’(”)] should in principle be dominated by the self-adjoint part Ag, even though this is

not reflected with the parabolic estimates (see section 4.3).

4. Examples and simulations

The change of basis strategy is applied to some simple equations to illustrate the effi-
ciency of the point forcing and cosine bases, (5.34), (5.35), for approximating the energy

of the systems (5.16a,b). One of the equations considered is the heat equation, for which
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we will observe results that corroborate the analysis in section 3. Although the analysis
is asymptotic in nature, the 1st order convergence is already clear even for not-too-large
system sizes. We also present numerical results for convection-diffusion equations that share
very similar comparative properties to the pure diffusion case and extend the discussion to
the connection with the pure convection equation.

For our numerical simulations, we take the interval U = [0, X], and we let Zny = {I;, i =
1,..., N} be a uniform partition of U into intervals of length X /N. We consider the operator
with A = eA with periodic boundary conditions, whose eigenfunctions are the usual cosine
basis. € is a small diffusivity coefficient. The two bases on Sy := span{n;, i = 1,..., N}

are the following;:

(1) Point forcing basis:

(5.34) nz(x):\/zlll(a:) fori=1,...,N.

(2) Cosine basis in Sn: The eigenfunction basis in Lo ([0, X]) is the usual cosine basis:

mi(a:):\/gcos <(2_;)m> i=2,3,....

Define the cosine basis in Sy as the Gram—Schmidt orthonormalization of the Lo

projections of the first IV cosine basis elements onto Sy:
mp = my,
1 i—1
(5.35) mi == (PNmi - Z (PNmZ‘,mj)mj> ;
K3 jzl
where Py is the Lo projection onto Sy and Z; is the normalization constant.

In this example, we take G(t) = 1, and take the covariance Q) = Py, so that 0; = 0] =

foralli=1,2,.... Then &; =1 for alli =1,..., N and the two WCEs for Wy are
. N N
Wi(z) =Y ni(e)n =Y mi(x)&
i=1 i=1

where 7; and ¢; are related by the usual change of basis formula (5.14). As a side note,

since Wy is a finite truncation of the white noise W, it is well-known that we can give &
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and 7n; precise expressions:

& = /U mi(e)dW(z) and 7, = /U ni(z) dW (),

where W (z) is a Brownian motion on U and from which the change of basis formula can
be checked by direct computation.

We study the equation

(5.36) 2—7: = eAu+ Wy (z)

with zero initial conditions and periodic boundary conditions. Equations (5.15), (5.16), and
(5.17) hold.

Note that, strictly speaking, the analysis of section 3 does not apply to (5.36) because
—A with periodic boundary conditions has an eigenvalue Ay = 0 and thus is not strictly
positive definite. Nonetheless, we can still apply the ideas from section 3 to obtain analogous

results for the error decay and 1st order improvement. Equation (5.11) holds for j = 2,3,.. .,

t
/ e M=) gg = ¢,
0

so equations (5.26), (5.27) and (5.29) hold also, as do Propositions 3.2 and 3.4. For the

while for j =1, \; =0,

point forcing basis, the analogous result to Corollary 3.6 is
CsN~! < ||oy]|7, < CuN 1
Indeed, the lower bound is
[0:(D) 17, > [d:1 (D = (ns, 1) = N7,
For the upper bound, we integrate by parts backwards twice to find

(5.37) (ni, Ay 'my) = (=177 AU + (fiomy), 5> 2,
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for some function f;(z) such that f = n,. (This step takes the place of invoking the H 2
norm of n;.) It can be directly computed that

(

0, x < (1_1\1,)X7
fi(z) =11 %( _ (F;)X)j (DX < X
V@§<m+(%ﬁnd2> x> 5
so f/(X)=+/X/N and IfillZ, = < 171)5(4%. Squaring (5.37) and summing over j,

Imallfr—2 = Y A" (niymy)® < 2/ (X)* YA +20lill7, < ONT
j=1 j>1

Hence [|8i]|2, < Cllni|%,» < CN~1,

4.1. Heat equation. For the heat equation (5.36), we show in Figure 2(a) the relative
error of the truncated system under the cosine basis for different values of N. We observe
that, for each n, the relative error increases pointwise to a limit as N — oo. We assume
that the NV = 960 error plot is representative of the error in the limit as N — oo, at least
for n not near 960. When n > 10, the relative error decays linearly on the log-log axes, with
a gradient of ~ —3; i.e., Ru™] ~ O (n~3). This same order of decay is seen for e = 0.01
only when n > 40 (Figure 2(b)), and the actual relative error is larger than for ¢ = 0.1.
Both these orders of decay are consistent with (5.26) when m = d = 1.

In contrast, the relative error decays linearly on the linear axes for the point forcing
basis (cf. Figure 1) and does not exhibit the same limiting behavior as the error plots for
the cosine basis do. In fact, in this case of periodic boundary conditions, the relative error
plot is simply a straight line of slope —N ! joining the points (0,1) and (N, 0) because the
energy of each |[04]|7, is equal. For a given level of relative error and for large values of N,
np for the point basis scales on the order of O(N), whereas ng for the cosine basis scales
with O(1). As a result, this implies the 1st order convergence seen in Table 1.

Table 1(b) shows the improvements of the cosine basis for 5% error. We highlight several

trends.

(T1) For fixed N, the improvement increases for larger e. This increase is most signifi-

cant for large N.
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TABLE 1. Improvement np/ng in the number of basis elements required to
attain 5% error.

(a) Convection-diffusion equation || (b) Heat equation

N | e=0.1 |e=0.01 e=0 e=0.1]e=0.01
30 | 2.6364 2.4167 2.4167 1.8125 1.0741
60 4.2846 4.1429 3.8000 3.4118 1.3571
120 | 8.7692 7.6000 4.7917 6.3889 2.3

240 | 17.5385 | 12.6667 8.4815 12.7222 | 4.3019
480 | 35.0769 | 21.7619 15.7241 25.3889 | 8.4444
960 | 70.2308 | 43.4762 30.4333 50.6667 | 16.8889

(T2) We have 1st order improvement: doubling N increases the improvement by a factor
that approaches double as N becomes large.
(T3) 1st order improvement is seen for a smaller error of 1% (data not shown), but the

convergence to 1st order improvement is slower.

Numerical scheme. The discontinuous Galerkin dG(1) scheme with a 2nd order Runge—
Kutta time stepping scheme [12] was used in this computation. For each number N of
forcing terms, we took N spatial grid points and used X = 2x, T' = 0.5. The simulations
were also done using a fixed number of grid points (960 grid points) for all values of N, but

little difference was found in the quantitative and qualitative behaviors of the estimates.

4.2. Convection-diffusion equations. We applied the same change of basis method

for the stochastic convection-diffusion equation

0 .

with zero initial conditions and periodic boundary conditions. We performed simulations
with constant convection speed by = 1.47 and small diffusive coefficients ¢ = 0.01,0.1.
Figure 1 shows the behavior of the relative errors of the two bases on linear axes. Under
the point forcing expansion, the relative error of the truncated system decays linearly in n,
whereas the relative error under the cosine expansion decays superlinearly. The improve-

ment is also found for varying sizes of the full system, N = 30,60, ...,960 (Table 1(a)).

4.3. Further remarks. As noted in section 3.3, it is not straightforward to deduce
precise error estimates for general equations where A does not provide an eigenfunction

basis. If the equation is simple enough, the error decay rate can be found from the explicit
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solution. In the case of (5.38),

0

S, = [ 20(—biss + e + ) do
U

= / bxﬁ? + 26@1‘@1‘,11 + 2u;m; dx.
U
If e=0,

t t
6 (8)||7, = Ha,-(())\|%2+2/ / ﬁimid:cdt—2/ (;(-, 7), mg) d,
0 JU 0

~

so the error of each mode depends only on the coefficients 1;;(7) := (@ (1), m;) up to time

t. By explicitly solving the convection equation,

Uii(t) =

G —me sin ((i _)1()m6>

and hence

N N t .
Ru™ = 3 a3, = 3 2 /0 0 dr

i=n+1 i=n+1
N 2 .
X (i — D)7te
—9 _ 1 — cog L D)Tte
> (m) (e 5")

I 1)\ Now 1

An approximately O (n_l) decay for the pure diffusion case is seen in Figure 3—this is
the decay rate predicted by the parabolic estimate analysis in section 3.3. If € > 0, the
decay rate seems to be a hybrid between the convection and the diffusion parts—for small
n, the O (n_l) decay from the convection part dominates, while for large n the decay shows
better agreement with the O (n*?’) decay from the diffusion part. Evidently, the analysis
in section 3.3 is unable to capture the intermediate and asymptotic behaviors of the error

decay for the convection-diffusion equation.
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Pure diffusion / ;

10°F /
Convection-diffusion

Pure convection

Relative Error (log scale)
=
o

10 10" 10° 10
Number of coefficients, n (log scale)

FiGUure 3. Log scale plots of the relative errors incurred by the truncation
of the convection-diffusion system, as well as the pure diffusion and the pure
convection systems. The convection and diffusion coefficients are b = 6bg
and € = 0.1, respectively.
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